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We consider a sequence E au inIR Animportantconvergencetest is

Roottest Define L himsupFaul Then

If L c 1 Ian Cour I

If I 1 Ian diverges

If 1 the testis inconclusive

Note For a sequence au in IR wedef

himsup an Inf synank o

himinf an Ig if ank b

Eg fig l e
doesnotexist but tipsy l l 1 andliqif I 71 1

Next WedefinetheCauchy productof Ian andEbubyEcuwith cu Édebne
a tartact botbatbat 9bot aibotgobi t abotabita.bz t

Result If Ian con to A and Ebu cour to B and atleastoneof theseries

conv absolutely then ÉE aebue Cour absolutely to AB



Thenfinally let us consider a complex powerseries Eyez with ChiZed
moregeneral wecouldconsiderÉCute c

Fromtheroottest wegetthat it converges if

tipsy Faze I p Katz c I lie if let
y p're p

This p is calledradiusof convergence possiblyO or n

Alternatively Wheneverratiotestapplies thene hi EI

So for all Iz cp i.e ou anopendiscwithradius I I cuz conv absolutely and

for 121 e it diverges For lek p it might or mightnotconverge

Infact I cuz convergesuniformly ontheset Zed 121ep e foranye 0

For a realpower series f x Eaux thepreviousthem says
f is differentiable onCppland f x 2k anx

andintegratetermwise
for a Y we feel wehave ftp.adf go naythen any

we cantakederivatives

k
Ex I IT hasradiusofconvergence I align agun I kill D so it converges

HER and I É EEKYI É II lie ate et



1 4 Metricand NormedSpaces

let us take an abstractpointofviewfor a moment

Given some set X therearedifferentpossibilities todefine closeness forelementsofX

Themost generalabstracttypeof space is a topologicalspace X t where t is a

collectionof subsetsof X satisfyingtheaxioms

OE t XE T

arbitraryunionsof elementsof t belongto t
finiteintersectionsofelementsof t belongto t

Elementsof T are called opensets

This allowsustodefinee.g
convergence foreach ifeng.yf.it Nerrs.t xueu Kuan
continuity preimages of opensetsareopen
compactness everyopencoverhasafinitesubcoverl
connectedness

However
generaltopological spacesdo notnecessarilyquantify

closeness


