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Wecontinue our discussionofstructuresthatdefineclosenessof twoelements in a set

Metricspaces MdI have a distance function d MxM to s called ametric

A fat d MxM tow is called ametric it
d x y O e x y definiteness

d x y dly x KayeM symmetry

dlxyledlxizltdlziylfx.kzeM triangleinequality

let us define theopenball around xwithradius r as Br x yeM dial or
Thenarbitraryunionsof openballs canbedef as theopensetsofa topologicalspace
theyinducethe metrictopology

Everymetricspace defines atopologicalspacebutnoteven topologicalspaceis inducedbyametric

Moreconcretely AnyvectorspaceV over IR lov d orany otherfieldI togetherwith
a nom Il Il V to n tally it is called normedspace A norm is defby
11 11 0 x 0 definiteness

11111 1 1 IAll KXER lore XeV homogeneity

Axtellellxlltllyllfx.eeV triangleinequality

Anynorm defines a metricvia day I x y11 Butnoteverymetriccomesfromanorm



Evenmore special are innerproductspaces Amap c VxV IR Xxlto oxy x y
is called innerproduct if
e x ay Bz a ex y Box z Vx y zeV a Bed linearity

ix y crux KayeV conjugatesymmetry

xx 20 and a xx D x 0 positivedefinituess

Anyinnerproductdefines a normvia All Exits Butnoteverynorm comesfroman
innerproduct

NoteAnimportantinequality is Cauchy Schwarz I cx.gs ellxllllylltxiyeV

Conceptually

topologiesdefinecloseness

metricsdefinedistance

norms define length

innerproducts define angles

let us exemplifytheabove for IR Wedenote x la xule IR Then
ordotproduct

The innerproduct or scalarprodIt is ex YE XY É XiYi
recall that oxy ll tellglifentiala

It inducesthenorm 11 11 exits Ex
Also Il xllp I IxilP t definenomskeeperandthefollowingHolder inequalityholds
lcxiyslellxllp.lylq
Also 11 16 1 pAil

defines a norm Infact pliyllxllpllxlln.IM
IlaandIlllsareanytwonormshere

Infact all noms on IR are equivalent i.e K x FcaCa o s t C 11 1411 11,5Cellrlly



Finally webrieflydiscussthenotionof compactness
Recallthat we call a subsetof IR openif it canbewritten astheunionofopenballs

Britt yen Mx yHer
thssspecifiedotherwisewealwaysmean IXII É Xi for X ER

A set Eck is calledcompact if every geoff has a finitesubcover
Afamilyotostal suchthat Agamilyoftheopencover
YK E withfinitelymanyelements

Importantresult As in R theHeineBoreltheoremalsoholdsin IR

Eck iscompact s Eclosedandbounded

itEntailsall
itslimitpoints

This impliese.g
that continuous functions E IR IR E compact attain

theirmaximumandminimum


