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2 3 TheInverseandImplicitFunctionTheorems

Question Under whichconditions is IIIa invertible

Here f goesfroma subsetof IR intoa subsetofIR

And If f is invertibleanddifferentiable is then f alsodifferentiable
Feinerseof f

Reminder

f X Y is called injective or one to one if fix fixe implies x exe

Inotherwords GivenyeY then fixky foratmost one Xe X

Ex f IR IR x net is injective but f R R x tox is not

f X y is called surjective or onto if HyeY thereis an xe Xs t fixky

Ex f IR IR x me is notsurjective but f R loul x ts et is

o f X Y is calledbijective if it is injectiveandsurjective

If f X Y is bijectivethen it has an inverse f Y X

i.e f f ly1 y KyeY or f I fix x the X



From Analysisand Calculus weknow the case u 7

If f is continuously differentiableand f p 0 then f is invertible in a

neighborhoodof p f is continuously differentiable and
f yyep 1

fire
if ftp.kg then f f fifty

For general u we havethe followingtheorem

Theorem InverseFunctionTheorem

let UCR beopen f U IR be C ul andletDflp beinvertibleforsomepell
Then

a there areopenneighborhoods VofpandWof g f pls t flu V W is bijective

i.e fluhas an inverse
b The inverse fl is C V

Note

Dflp invertible The JacobianmatrixJiglp is invertible

Using thechainrule we find 1 D f of p Df IfipDflp
T
identitytrvativeof chainrule

D f lap Dflp our Fifa x

Theinversefat themimplies Thesystemof equations fly al Yi i ti in

can besolved for xn xu intermsof ya yn if x andy are in smallenough

neighborhoods of pand g



If f KW is CYand f existsandis c then f is called a C diffeomorphism

If anypethas a neighborhood t s t fly t flit is a diffeomorphism then f
is called a local diffeomorphism

For theproof we use an importanttheorem

First on a metric space X dl amap f X X is called a contraction if
there is Ofc c l s f d ffat fly1 e c d x y

Apoint XE X is called fixedpoint if fix x

Note Suppose f is a contractionand ithastwofixedpoints fix.tn fix k x
Then d nix d fin fail e ed la te withOccel which

implies dIx ix 1 0 i.e Xie

So if a contractionhas a fixed point then it is unique
Moreover

Banach FixedPointTheorem for ContractionMappingPrinciple
If X is a completemetricspace thenany contraction f X X has a

uniquefixedpoint

Proof Seehomework4

Define Xun flat fu and showthat xu is Cauchy limit x exist

since X is complete s f x f f thistallylimo flat lyXun x o

fcontinuousWhy



Note Thisproof givesus an explicitway to construct thefixed point

It is thelimitof the sequenceXue f xu

l e choosesome Xo then Xi fix a flat fl fltoll i.e Xu f x l

Example Newton'smethod for findingzeroesof flat
Extraexamplenotcovered inthe in personclass

We guesshope that the iteration Xue xu II Fla convergesto a zero

of f Suppose f x 1 0 f x to Then Fl x i.e x is a

fixedpointof themapF

WiththeBanachFixedPointTheorem we couldnow findsufficientconditions

forNewton'smethodtoconvergebyconstructinga suitablecomplete
metricspaceX

onwhich I maps X X andis a contraction

Eg For fat x
3 wehave F x x X II E x E

Here I Fin IA ul ie we can choose X B o which is closed

so X withthestandardmetric absolutevalue isindeed complete

Is F a contraction on X

d Fly Fly1 Fat Full 3 At Z letEl

I x y
31kg111

E11 4112 11

E E H Y LII
E E lx Y soyes F is a

contraction



So byBanach's fixed point them Xue Flat convergesto the unique
fixed point X B forany initial XoE trial

In fact for X E 10B1 wehave X Fix E x t I B so we

could use any


