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Last timewediscussed

Theorem InverseFunctionTheorem

let UCR beopen f U IR be C ul andletDflp beinvertibleforsome pell
Then

a there areopenneighborhoods VofpandWof g fpl s t flu V W is bijective

i.e fluhas an inverse
b The inverse fl is C V

Proof of InverseFunctionTheorem

a idea Injectivity Weconcludeflakyforatmostone x byconstructing a contraction
s f x fixedpoint if itexists it isunique

Surjectivity Weconstruct a completemetricspaceX s t we canapplythe
Banachfixedpointtheorem

lujectivity
1Letus call A Dflp and choose X zyy y

this specificchoice

willbecomeclearlater

SinceDf is continuousat p F openball Icu centeredat p s t

IIDfly Dflp IIe X K x et



Forany fixed yer we def ay x x A ly fall

becausethen flaky es y lxkx

Is ay a contraction If yes then Jatmost one fixedpoint i.e flakyforat
most one x i.e fly is injective as weshowedlasttime

We tryto bound theyix l aywall byboundingthederivativeDayI becauseof the

following

Allpointson astraight linebetween

lemma let f a in acid open
aidÉÉÉIf f is differentiableanda most

Ilf all e M Axed then Ilflat faille Mila all fxnx.EU

Proof Define curve y 911 IR it is txt 1 t xz Theny is in U
becauseUis

convex If gltlefly tl then chainrule

flat fix gli glol IgHdt
where

gAl flightily't ffait la
ta

Il fail falls Illgltilldt jllylllllx.tl dtsMlln xell 0

Backto ourmap ly

Wecompute Da 1 1 A Dfl A A Dfl



Then for x ell wehave 11Da K11111A A Dfl111

IIIII2
Thusbythelemma wehave Ily al aywelll et lx all faired i e ily is a
contraction

Sujectivity With a similar argument we canshowthatone can choose a closedball

Br p xen Nx plier c U such that ax Bript BrIpl Then

existenceof a fixedpoint follows fromBanach's fixedpointtheorem

b First we use If Dflphas an inverse thenalso Dfly for litpllsmallenough
has aninverse Thesetofinvertiblelinearmaps on IR is openiseeRudinforaproof

Thendifferentiability of f can be provenby showing

f lien fi Dfl k I 0 seeRudinforthedetails I11411

Continuityof Df follows fromcontinuityof Dfly I D




