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3 1 PartialIntegrals

Wefirst considerpartialintegrals i.e Fly I fixyldx
Here I Cab x as In x Ic f I IR fl yl is integrablefor every
YE Iz F Iz R Taft ofthevariable

inthefirstslotforfixedy

Akeyproperty tounderstandpartialintegrals is uniformcontinuity

Definition let X YbemetricspacesThen f X Y is calleduniformlycontinuous

if He O F f 0 s t K xx e X with d xx l c f wehave d fix fix l c e
TueeworkskfeXIcompanithuniformconvergence

Wewill usethefollowingresult applied tothecompactsets I I I 1

Theorem If K iscompact and f K Y continuous then f is uniformlycontinuous

Proof usingthat K compact s ksequentiallycompact i.e everysequencehasa converging

subsequence Assume f notuniformlycontinuous i.e F e so sit for8 I there
are Hal and All with delightbutdlfyfIH.tl

e



Then K compact xu In't haveconverging subsequences tug ng
Xu Xe K Xu x e K and X x dueto 1 1

Since f continuous flag fix and flingl f x whichcontradicts O

Back to thepartial integral Fly fixeldx

First weaim at proving IF I dx Asmall intermediate result is

Theorem If f e CI Il then Fe Iz
fiscoutinuous

on I In XIs

Proof let s 0 f e I f uniformlycontinuous on I 3 78 0 s t

K xx y withly y't c 8 Ifixed fixy't Ea

Then IFW IFFY fan fixe'lldx e

Ilegfeldt lb atEase

Thenthefollowingholds

Theorem Leibnitzrule Il
If f e CII and e CI Il then Fe C Iz andGIlet I Heldx

Proof let e 0 Since e CIII it is uniformlycontinuous.TT

Therefore I 8 0 s t Fx e Ie y y c I withly y of

I ix e ix ill Ea
Then for thles letheIz



I
Flethl Fly
h f laid x e fatty t fine dx

Ixet0h 0cal bythemeanvaluethem

E b a Ea E

F differentiableand x holdsWithpreviousthin appliedto I is continuous
lie FEC Fl D

Whataboutindefiniteintegrals

Theorem Leibnitzrule II let It Cail I lap I Int f andof e CII
Assume lil Fly If ixeldx convergesHye Ie

ii I heldx converges absolutelyanduniformly on In
Then FEC I and fly I g y dy

ie gu I tildxconv absanduniformly

Proof Analogoustothepreviousproof wefind

Flythl Fiel
n f flayldx e I Ixet th Hel dx

E f Ixet th x y dx I himout dx I Hel de

te en ner z
byuniformconvergencebe as in previousproof wecanchoose Ke ofbeast Ilofdxc ff g a

duetouniformcontinuity uniformlyKyeIe

Continuityof F ly I wields follows asbeforeandwiththesameargument

of splitting I 0



Example fixe e
Y si on I On x a B Oca's land flat o

Here Hey e sink

Wehave yea 0 so e Yee x and Sigel and Isin ell so

conditions i and Iii from the theoremhold

Wefind F ly I heldx e sinxdx

integrationby

qq.gg ttelje
tttcosxldxparts

Tty eight half
e sinxdx

ni

F ly y y't ly F ly fye
checkthisintegration

FIB Fla IFlyldy I arctana arctanp

Notethat Is e Il eMdx e f 00 so for B o weget

0 Fla arctaux I Flat I aretana

where Flat é SII dx

It canbeshownthat I isindeedcontinuous fromtheright so wehave computed

theDirichletintegral7101 1sEdx É
checkthatthisisindeedRiemannintegrable


