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Recall we define a surfare Mby a fat Fec U R thin a domainwith
normalvector n x O Thenwedefine

thesurface area o M InIlds

forOec MR thesurfaceintegral 0do OofInlids

forFe CIMR'tthefluxintegral I F n'do off n ds

Next we relateflex integrals to volumeintegrals Green's theoremonedimension

higher I

3 6DivergenceTheorem

let us stateanddiscuss the res It iwe omitproofs
Thedivergencethem holds inanydimension

Theorem DivergenceTheoremialsocalledGaupTheorem

let D in be a domainandlet KD s t

Tad and I boundedandregular
OVhas non vanishingpiecewise continuous normalfield n
F e C V R

Then I F n'do f D F dx witha theoutwardpointingunitnormalvector

IIF I divergenreof F



Someinterpretation connection tophysics

at
elx.tk densityatpointx at time t legmassdensity or probabilitydensity

multi felt t ld totalmass in domain Vcr

Jlx tf flux density units t.meareal plxitl alx tl withahit the
velocityvector field elx.tl

TF
1 III passing

throughsurface

Changeof mass intime is didÉIÉÉjdz
IIE Es at

Sinethisholds f domainsV wehavededuced the

continuityequation t divj 0

Forheat Fourier'slaw or otherdiffsion processes Fick'slaw wehave

j Fe

dive F Be f E Laplaceoperator

whichleadstotheheateq or diffusionof If De



Anotherresult is a generalizationofGreen'sthin to oursurfacesM

Theorem Stokes theorem

at Dc IR be a domain let M D a smoothsurface that isboundedandorientable

andlet OMhavesmoothparametrizationwithorientationanti clockwisewrit to the
normalfieldof M let Fe C D R31

Then SF dx SLEEI
do

0M

Note

orientable meansthat a normalventor fieldcanbechosenconsistently

awaysthecase for M rangef
For flat surfaces we re over Green's tha set I I n

Beforewe disc ss examples a fewinterestingimplications

Corollary Withthesamenotationas inStokesthin assumethatMhasno

boundaryThen I10xF n'do 0 forany Fe C D R31

Corollary let Fe C ID IR Dar a simply connected domainThen

I conservative s Dx F 0



Sketch ofproof If F DO then Dx F Dx 00 0 seehomework

let y
be a closed curve Underthestatedassumptions onecan

showthatthereis a capping
surface M s f ON p

Then I F dxIS 10xt l n'do 0 F conservative O

Examples

Let Flay Ix y z WecomputethefluxOntf throughtheupper
hemisphere M lx.az ET3 xtytz R z 10 withradiusR 0

M M Haole x'm'sR the bottom

Mand M enclosethevolume K Hitler y'tz R 2203

Then On Ft S F n'do SunF ddo III 1 tsk 0Gauss

I g dit d x

3 I 1 442 d4spherical
coordinates I 35E f r r'sint drdode

3 251 1 E
E Rs

e Example for Stokes thin see homework



Anotherapplication Maxwell'sequationsin differentialandintegralform

Vcr a boundedvolumewithclosedboundaryOV

Mar a surferwithclosedboundarycurveOM

p chargedensity Q fed'x thetotalelectinchangewithinV
J el currentdensity I L I dotheel

current
passingthrough

M

o E electricfield B magneticfield
c speedoflight

Differentialversion integralversion

P E top É E n'do GoQ
P B O I B n'do O

AE 191 It I E dx I Bride

DxB I Kr E
hes

B dx 1 45 It Ede


