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last time wehaveproven

Theorem A function f D d D c e adomain is complex differentiable holomorphic

at zoeD if andonly if f is realdifferentiableandthe CReg s holdat z

Next consider complex lineintegrals let y bea curveinD Then

flatdz f latiulldxtid I f ludi udy t if ludxtudyl
tilt if a 1 1

Nowsuppose y is simple
andclosedand y 05 forsome S D

then 17111 41 1 1 o

of E o c Regs

CRegs

WehaveprovenCachy'sintegraltheorem

Thisisthemostgeneralauditionfor
Green'sthintohold

Theorem let f D d Dad a simpcouneateddomain beholomorphin and yeD a
closedcurve Then Sfizdz 0
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This theorem implies Cauchy'sintegralformla

Corollary let f D G Dee a domainbeholomorphicThen

w z du forany ZeDr lz.lt Wed Howler CDflat In I fishthradius
r aroundto

Proof Wehave II do It duty dw

Tyra eh sintthm

fFfftp.sc

dw to

8 I j d
holomorphicintheenclosedareasInhichare
simplyconnectedevenstarshapedforSsmallenough

variablesI w z z

Forany Sso In II do I If I IÉIIg ftp.ttldw

f O2nd e g ith Se
it

IT fly jitidt I I I fye iseitdt If iz Seitldt
byuniform
convergenie

7 flat O

Note theproofclearlyworks aswell if wereplace ODtot byany closedsimplecurvey
encirclingz



It follows

Corollary Underthesameassumptions as above f al Iif fittedw

Corollary If f D C Dad a domain isholomorphic then f eCDandfurthermore f is
analytic i.e ithasaconvergentTaylorseries

Proof I what It if It É I 1 forI Is 1
9
geometricseries withuniformconvergence

f iz fi f II du É lzz.lk iffIIkndw É
f k tol

takesIotofintegral Tfibyuniformconvergence

Next Moregenerally one can writedown a Laurentseries É du le z l

It converges if 12 Z I R f radioofconvergenceof É an 7 21
and ft s I radiusofconvergenceof II anA z I

i.e it converges on an auntus r Z ECl e Iz Zol R

Indeed one can showthatanyholomorphicfunction fir e has a lament series

Aninterestingcase is when R n i.e O z z l R Sahpoints z arecalled

isolated singularities



For these we get

fade É
ftp ITdIIIigieimntat anir sure

Wecall a n Restfit I theresidueof f at z

wakingalongthepiste
yj

Yields

Theorem ResidueTheorem let Dee be a simplyconnecteddomain Gt f D dbe

holomorphic exceptat a finite number of isolatedpoints za zu let ybe a simple
closed curve enclosing all Zn zuThen

f fit dz 2miÉ Res f izul

Application Compute It aintdx Of de IR

Wedef flak fat It hastwoisolatedsingularities at Iia
Theresiduethintellsus thatforR largeenough

s fields Sfinda L fieldz 2miRestfial

IIFA Iggittant ireit at



Notethat f fielda s fineit all rate y4Idt 0

Thus wejustneedto computeResIf ial let usunite z i at w and

flat liatwi a ataiawtu't a w Liaw

Kian

Eiffel
Res fia is thecoefficientwithpower w i.e k 3 Then

Restfiat Lia Y fi aia
t t t11 41114 a

3
i35at

It Iadx L I Iayadx 2mi l iEat o


