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2 The Free SchrodingerEquation

Centraltopicof this class

For which 4 t 01 andV does Schrodinger equationhaveglobal solutions and

in whichsense

Generalidea regard Schrodingerequation as an ODE if 414 4414 for
Y R H somefunctionspare orbetter Hilbertspace

Difficulties H infinitedimensional

H unbounded

Since wewant 5141 1 we need Ye L lied7

More generally let us consider thefollowing
functionspaces

Pla f Rd C lifllp S IflP t an lepers

Fam
Here allintegrals refertotheLebesgueintegral

Today Quickintroduction to theLebesgueintegral herejustfor d 1



Recall f Taib R bounded is Riemannintegrable if upperandlowerRiemannintegralscoincide

T T
inf EmmyAi pastitionÉmitti
partitions

fix oftail sup fix
ofTab IIE s

teFi riXi

a f s x

Examples continuous functions are Riemannintegrable

Ia la isnotRiemannintegrable
1 forXES

noteforScid wedefinetheindicatorfunction Is x oforxes

Note ImproperRiemann integrals a is orb n or f isnotbounded mightexistas
limitsof Riemannintegrals

Recall thefollowingresult on interchanging limitsandintegration

If fu Ff uniformly then l dfunds IEgged
x

Butthismight fail forimproper integrals e.g hisIEEantldx 140
convergesuniformlytozero

TheLebesgueintegral addressesthedifficultieswithexchanginglimitsandintegration

let's firstgothroughtheideaoftheconstruction

Mainidea We partition y axisinsteadof x axis



At

d f s t a collection of
subsetsof r m Rt

Stepsin constructing the Lebesgueintegral e.g rated satisfying
reasonableaxioms

Define III of a subset Saki thisleadsto measurespaces R E M i

e g m tail b a

Approximate f bysimplefunctions EauIs ISumeasurable
then SEau Is dm EauMtsu

Then I fdm sup Ssdu Osset s simple for f O

In general S fdu Sf du Sfdm if oneoftheintegralsisfinite
9

I If
degativepart
of f

Note f ab IR bounded Riemannintegrable f Lebesgueintegrable

SHaltondu O be mlointo11 0

Butthere are improperwelldefinedRiemannintegrals thatdonotexist as

Lebesgueintegrals

Important theoremsaboutlebesgueintegration

MonotoneConvergence If ta with fu Oandfumeasurableissuchthatfultlefue.ly
Knew her then hisStudy S tinyfudu

pointwiselimit




