



































































































































Foundationsof MathematicalPhysics ConstructorUniversityBremen Session6

Prof SorenPetrat Fall2023 Sep22,2023

Weneed tointroduce more notation

amultiindex xerod is a topel fan dal djEko
Wedenote In tf aj andfor xend x x xid I

0

oil did

craft t IIti
C Ird n cha smoothfunctions is oftencontinuouslydifferentiable

co lpd Chd continuous functions

Co RM FEC Td Iihf
sometimescalled

moreexact thyEprlfWtoCoMdl

CLARY Card n f supp f compact functionswithcompactsupport

suppottoffTintedcompact closedandbounded

Where doestheFouriertransformon L mapto Weknowthefollowing

lemma2.3 Riemann Lebesgue

f e L Rdi FECa Rd

Proof f e L Md recall flk art f fetid x
Scout inK for a a X
G p fateint Ifall e c lRd



I continuouswith lemma2.2
Decayat is followslaterfrom a moregeneralresult 0

Want I mapsfrom afat space X toitself and F X X istheinverse

Sofor now we goawayfromL and
instead considerthefollowingclassofverynice

functions

Definition 2.5 Schwartzspace

Wecall the E vector space

sad f e Cla Aflla en fmultiindices aperod Schwartz
space

spaceofsmoothrapidlydecayingfunctions Here

Ilflap 11x'OffAllla IA lx É fall

Note for f e S Roll f andallpartialderivatives decayfasterthananypolynomial

e.g e e s Ird CII c Sad

Definition On a vectorspaceV amap11.11 V Rao is calledsemi norm if
Ilx fl I Ill lift absolutehomogeneity

Ilfig11Ell f Il Ily11 triangleinequality

Note for a nom we requireadditionallythat If11 0 f O
If Ila are semi norms for 1 0 I flao is also a norm

e
g
d l IIallon 111 16 0 but fax 0



Next Since wehaveonly a familyof semi norms on S it isnot a Banach space
but we can construct a completemetricspace inthiscontextcalled a
Fréchetspace inthe followingway

lemma2.8

lif glass
d Ifigl É 2 If a afghan

is ametricon S

Note thechoiceof
as

all ly
is a conventioni wecould chooseotherfunctionsthat

leadto thetriangleinequalityandgotozerofor Il hasgoingtozero

Proof First notethat maps IRso to 0,1 andismonotonicallyincreasing

dslf.gl E E 2 2 G n

We now checkthepropertiesof ametric

ds fig 20 clear

dg fig d lg f clear

d fig 0 s f g
clear

I let dslf.gl Oi
then inparticular llf gllo.tl f gllnIyalfittgH 0 sf g

dg fig E d filled hg
wehave Iif glas lif hehghas LEH Iggy



then
f gilas I Egging
It Ilf gilas Itxty It y t Fey E Et Ey 0

Corollary Convergencein S

f f in SE d If f l 50

s lif fully o tape kid


