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Lasttime we proved

let Z be a densesubspaceof a normedspace I andletYbea Banachspace
let L Z Ybe alinearboundedoperatorThen Ihasaunique linear boundedextension
E Ywith th L and 11Ells y LizY

Now eg extensionof theFouriertransformfromS to L follows as asimplecorollary
let us firstnote

Theorem3.21 ColRd isdensein LPMd lepan
smotothfunctions

withcompactsupport

Proof FromHW4 Problem4lb weknow that CT isdensein C w.r.t.lilp.n
Weusedconvolution there to densityisdefinedw r t anorm orgenerally a topology

smoothenout or mollify f e P
a subsetmightbedensewrit onenombutnotanother

It is also astandardresult that C isdenseinLPwhichimpliesthatCTisdenseinLP

by a triangleargument O

Thenwehave

Theorem3.22 TheFouriertransform F SRM11 llama L Ird can be

uniquelyextended toaboundedlinearoperator L c

Furthermore o I Ffl la liftla f fell
FF F E id

Ff k Gy art f e
it
fly dx tf e l

IxkN
timitnotpointwise



Proof Cc Sc L sowithThem3.21 alsoS is dense in L andwecanapply
Thin 3.20 Note F SHillel L isindeedbounded since IIFfila little IPlanhere11

Also FF lg F FI idols butsince F F id continuousequalityholds
onL

limit formula followsdirectlyfrom IIFfila liflla let usdenote

filth
ftp.qq.fi

thenhis llff ffulkli.glif full O o

Note one canofcourse use anyothersuitable limitformulaforexplicitcomputations
so even for functions L wehavedefinedSfate it dx

Note that I L c is a unitary operator

Definition3.23 let th Jl beHilbertspaces Alinearboundedoperator UeS ththat is
calledunitary if it is surjectiveandisometric isometric

meaning 114411g 11416 KYeth

Note injectivefollowsfrom116411g 11411 sounitaryoperatorsarebijective

withthepolarizationidentity isometry preservationof innerproduct
cU4Uuse 4eye V4teeth

Having F C C we can now solvethe freeSchrodingerequation on L

Forany teth the freepropagator on L is Pf t nd c ltd Pelt f e
i tf

PfItt is clearlyunitary I let 1 1and F isometric forany teIR

To talk about continuityand differentiabilityofPelt i.e ofPf R S E

we need to distinguish differentnotionsof convergence for boundedoperators



Definition3.26 let Hulubea sequence in Site andAe Site

a Au converges in nom or uniformly toA if King11An Allsse 0

Notation II An A or An A

b Aulaconvergesstrongly or pointwise toA if him11A4 A411 Of Ye te

Notation SII AnA or An A

c Aulaconvergesweakly toA it ti Ice IA A14 1 0 Ke Ye te

Notation Y11An A or An s A

Note Ice AuA14 1 Ellall 111AnAl4115Hell1141111AnAllsay

so how convergence Strongconvergence Weak convergence

But theotherwayaround isnottrue comeupwithcounterexamples inHW8

let us now check continuityand differentiabilityofPf R f Il

Uniformlycontinuous 11PaItth PeltillguyIggy
11PaItthePettlelle

sup Ileft e
i
t fall

II
Illei tm eiggy

TELL



ProblemsHwa CIA leitIE.ITl1Mullgyy llVlln

2 for all h 0

So fig 11PaItth PattiIlga 2 i.e Pf t isnotuniformly continuous

Strongly continuous 11Pelt1414 71114.11 1144th Kittle
II f e

it't
e
i h e

iEt It 112
f e ith I II lull'dk t O

If bydominatedconvergence
YeL E Yea

iii i
g e ith i II lull'dk

butdominated
convergenceonly applies if K Yolk l is integrable i.e KYolkle l

Kit is differentiableonlyforYoeH Yet vk.lkle c

Andfor 4 eH wehave

it Este iÉgiftin
distributional ThefreeSEholdsasequality

of L vectors



Conclusion For YoeH Kitt solvesthefree Schrodingerequation ft intheEsense

If L'sYo4H then 4 t solvesthefreeSchrodingerequation inthesense

ofdistributionsonly asnotedbefore


