
 

Foundationsof MathematicalPhysics ConstructorUniversityBremen Session20

Prof SorenPetrat Fall2023 Nov10,2023

3.3Selfadjointoperatorsm

Weconsiderboundedoperatorsfirst
Recallthe generaldefinitionof theadjoint herefornormedspaces

Definition3.38 let VandWbe normedspacesandAe Sir w Thentheadjoint

operator A W V where V'andW arethedualspacesof VandW isdefinedby

A lw ul w Arl fue V fr em

Note ForanynormedspaceV thedualspace V is a Banachspace evenif V isnot This is so
becauseelementsofV arecontinuous i.e bounded operators V 1C and I iscomplete

Icf Proposition3.17

A e SolW V l duetothedefinition

With theHahnBanach theorem one can showthat in fact11Allswin 11Allying

Hilbert spaces are particularly nice because H is isometrically isomorphicto H Wealready

noted that P Ik 9 i t t t 1 inHW4 so L 44 So for Ae Stel we
would like toidentify theoperator AeSte l withan operator on H let us firstestablish

this connection thenwe can introduce thenotionof selfadjointness



Thekey theorem is

Theorem3.39 TheRieszRepresentationTheorem

let te be a Hilbert spaceand Tete Thenthereis amiqueYe H s t

Tle oh ese fue te

Proof

First if The1 0 fue te thenFO and 4 0 istheuniquevectorinthetheorem

Otherwise wewant toshowthat T istheprojection ontheone dimensional subspace spanned

bysomeYt
So if we considerthe kernel M KerT ee te Tle 0 a closedsubspaceofH
sinceT iscontinuous weneed toshowthatMt is one dimensional If M H i.e dimM 0

then4 0 so let us assume dimMt 0

But thisfollows directly fromlinearity let 4FeMtl 03 Thenfora ed

T 4 a41 T141 aT Y so for a It wehaveT14 a47 0 i.e

4 aFe M so 4 aEeMnMt 03 and 4 2E unique Eiffel K 8
Nowwe can uniquely decompose withTheorem3.151 any e centlent centTIFF
foranyFeMtl 0 andthus

That TI en t iii 41 if Tail c II 4 as i.e 4 149.4 O



Riese tells usthat elementsof te canbebecanonicallyidentifiedwithelementsof H

Corollary3 40 noarbitrarychoices continuityof
egofbasis

J te te 4 su con is a Foil antilinearFithiandaintiest

IÉinane

Withthat we can identify A canonicallywithanoperator A on H

Definition3.41

For Ae SH we definetheHilbertspaceadjoint At Jesse AÉjÉ

SometimesA issimplycalledadjoint or Hermitian adjoint andin thephysicsliterature it is

oftendenotedAt Adagger

let us collect a fewpropertiesof AttFirstwithRiesz wedirectlyget

Proposition3 42

For A e SH wehave 4Ay cA 4 a K Y yell andthispropertyuniquely
determinesA



Proof By thedefinitions wehave

a4Ay D4 1Aal A1341161 25 A'J4161 A YleI A 4 y

Also a t okAy is continuousandlinear soduetoRiesethereis auniqueyeH s t
c4 Ae ay les Koete so y A 4 is unique O

Beforewe continue a fewmorestandard propertiesand an example

Theorem3.43 For A BeSoAll andXe e wehave

al AtB A B IXA IA
b AB B A
c talk 11All

d A A
e HAA IFYAAll11All

f kerA imA It andKerA limAlt

Proof AW al bl d followdirectlyfromdefinition dl el fl areshortcomputations

As an example considertheleftandrightshifts one

Therightshift is Tr e e lx x Its 10 x xu Then

C X Ty FI Xi Ty if XiXi if XinYi cTYx y so I Te where

Te is theleftshiftTe e se xuxa I t Xzxz

Note that Tr is isometric111511 1111 butnotsurjective so it isnotunitary



Wehave t I id but IT id so I is nottheinverseofTr lwhichisn'teveninvertible

Basedon thisexample let usmakethe followingniceconnectiontounitaryoperators

Proposition3.45 Ue f te is mitan if andonly if UE U
stjectivetisometric

Proof Nexttime


