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Lasttime IT DIT a denshydefLinop on te
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y is uniquely
determinedand T Ditty H 41 y is theadjointop

IT DIT is selfadjoint if DIT D It andT T

let us exemplify thedefinitionswith if on 191 again

First consider Dmin DIDmint Duin if withD Duin eeH'ton 4101 0 4111

ThenKeeDCDuin Integra Bastianday

4Dming Yall ideal dx IC ifYall altdx LILY le
whichworksforall GI e L i.e YeH11911

So DID in H To1 DIDmin and DuinDIDmi It isnotselfadjoint

ForDa if with DIDol eeH l10,1 eitel11 6101 wefindHyeDIDo

c4Doa i 41016101 4171441 t

gift y
so in orderto get

c4Dog ay y we need YeH tail and 41016101 41116111 E

IF Yj e
it bydef i.e 4101 10411

So DIDI D Dol andDot Do so Do is selfadjoint



Abigresult is thatindeedthe followingholds

Theorem 3.58 A denslydefinedoperator H DIHI is generatorof a stronglycontinuous

unitary group Ult ifandonly if it is selfadjoint

followsfromthespectraltheorem is Stone'stheorem

Weskiptheproofshere

A fewexamples

Ho withdomainH Rd is selfadjoint

H f with domain C R I 0 is notselfadjoint bthasseveralselfadjoint
extensions Howith domain H R isoneofthembtthereareothers correspondingto
8 interactionattheorigin i e formally Ho f 811

Haira ite x ̅ I map withdomainCP IR 0 4 isnotselfadjointbut
BEM 4441

x ̅ landα with αeM 4 44

hasonlyone selfadjointextension Haira withdomain H R

In 3 dim point interaction existsin nonrel QM butnotin rel QM

Hara is selfadjoint on H R 64 only for smallenough



Finally let us stateKatoRellich Theideais that we oftenconsider operators
H HotV where weknowthatHo is selfadjointwithdomainDIH andwewantto
knowwhetheralsoH isselfadjoint OftentheV's are suchthat theydonotdisturb

DIH toomuch i e theydonotintroducenew boundarypoints

Definition let A B be denslydefinedlinearoperatorswithDIA cDIBIandsuch

that thereare a b 0 sit

11Ball a Aull b tell yeDIA Then B iscalledrelativelyboundedbyA

for Abounded and theinfinumover all permissible a is called therelativebound

If therelativebound 0 Biscalledinfinitesimally Abounded

Theorem KatoRellich let Abeselfadjoint B symmetricand Aboundedwith

relativebound a c1 Then A B is selfadjoint on D AtB D A

Ex A A B Mu with wth with yet R v et R
Then B is infinitesimally 1S bounded and H I V isself adjoint seeHW11
NoteThisimplies H I is selfadjoint on DHI H IR seeHW11



Another approach to provingexistenceofselfadjoint
extensions is via theFriedrichs

extension Theadvantage of this approach is thatitis veryeasytoapply in practiceThe

disadvantageis that it only givesexistenceof a selfadjointextension and it doesnot

provideinformation on its domain nor uniqueness

It uses the followingdefinition

Definition3 114 Anoperator H is called semibouded if thereis a celR sit forall

YeDCH CYHY c 14112 frombelow or e4H4 11411 fromabove

Then we have

Theorem3.115 Friedrichsextension

Anydenslydefined semiboundedoperator It has a selfadjoint extension whichsatisfies

thesame apper lowerbound

Weskiptheproof

Eg for
Δon CP r read open wefind ca 1 1163 110611 0 Hall

so CA C r1 has aself adjointextension Samefor A Vwith V20

Onecan actually define one particular selfadjointextensionuniquely viaquadraticforms

This is then called the Friedrichsextension

E.g for H on C can theFriedrichsextensionistheDirichletLaplacian But
thereare otherextensionswithotherboundaryconditions eg

Neumann


