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1.4 Metricand NormedSpaces

let us take an abstractpointofviewfor a moment

Given some set X therearedifferentpossibilities todefine closeness forelementsofX

Themost generalabstracttypeof space is a topologicalspace X t where t is a

collectionof subsetsof X satisfyingtheaxioms

OE t XE T

arbitraryunionsof elementsof t belongto t
finiteintersectionsofelementsof t belongto t

Elementsof T are called opensets Complementsof opensets are called closedsets

For example in R arbitraryunionsof openballs Britt yer Lyle r tanbe

the opensets T ÉHitip

This allowsustodefinee.g
convergence foreach neighborhood Uof X FNeIN s t XueU V usN

anyopensetthatcontain.tt

continuity preimages of opensetsareopen
compactness everyopencoverhasafinitesubcoverl
connectedness

However
generaltopological spacesdo notnecessarilyquantify

closeness



Next wewill introduce metric normed andinnerproductspaces
Thesewillgiveus a notionof

distantTgth Taught

Wecontinue our discussionofstructuresthatdefineclosenessof twoelements in a set

Metricspaces MdI have a distance function d MxM o o called ametric

A fat d MxM tow is called ametric it
d x y O e x y definiteness

d x y dly x KayeM symmetry

dlxyledlxizltdlziylfx.kzeM triangleinequality

let us define theopenball around xwithradius r as Br x yeM dial or
Thenarbitraryunionsof openballs canbedef as theopensetsofa topologicalspace
theyinducethe metrictopology

Everymetricspace defines atopologicalspacebutnoteven topologicalspaceis inducedbyametric

Moreconcretely AnyvectorspaceV over IR lov d orany otherfieldI togetherwith
a nom Il Il V to n tally it is called normedspace A norm is defby
11 11 0 x 0 definiteness

11111 1 1 IAll KXER lore XeV homogeneity

Axtellellxlltllyllfx.eeV triangleinequality

Anynorm defines a metricvia day I x y11 Butnoteverymetriccomesfromanorm




