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Next Gradient

For f U R Ucr open differentiable we have Df Df where

of I is called the gradientof f or nabla f

Note Oftenwe write D I a differentialoperator

Tworesults

If Df Al O then f hasgreatest directionalderivative indirection of11Oftall

I Dnf D f u Of a 11081111cosy is
maximalfor 4 0

anglebetweenOfanda

If f has a localextremumat x thenDf x 0

If Dfw O then f increases inatleast one directionanddecreases intheoppositedirection

from 1 dim calculus thus it cannothave a localextremun



2 2 HigherOrderDerivatives

Weshowed f U IR luckopen continuously differentiable

s

All If existand are continuous
Wecallthisclassof functions C or C u

Secondpartialderivativesare defined as of off

Wesay f is of class C forc lull it all k thpartialderivativesexistinallcomponents
andare continuous

Generally off I is possible seehomework

But wehave

Theorem Clairaut'sthu or Schwarz's thin

If f U R luck open isof classC then
d f
Aidy

Of
Ajdy King

Thisimpliesthemore generalresult If f is ofclassC thenallpartialderivativesup
toorder

IIIFrananged



MYSketchofproof
ppg

TIPthigtk

x

Weapplythe man rake them twice Jpoint ix yl in sf

flpth.gl ftp.t lxiyh

I ftp.gtkl ftp.qtkl fflpth.gl ftp9
1 g lxylh h

ftp.kiqekl flpth.gl ftp.gtkltflp.FI
xphk

LHS
Kehl Elp
h ftp.ql RHS o peg bycontinuity O

Amore detailedproofis e.g in
Kantorovitz Theorem2.2.2 or in

RudinTheorem 9.41
Note Thematrix H with Hai it iscalled Hessian matrixof f
Dueto Schwarz Hfis symmetric for fec l ii e Hf Hf ji


