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Lasttime weintroduced theHessianHf of a function f U IR luck open as

Hf ij II For f e c wefound Hf Hf IClairaut Schwarz

Similar to functions in IR we cando aTaylorexpansion let us writeit downhereup
to secondorderland for f R IR only

Theorem Taylor2ndorder let f U R UCRopen f e c la let x elland her
suchthat theU ft e1911 Then

flxthkflxltdfkhtfqy.gg
hstrx1hl with if to

Proof Followsfromapplying 1 dTaylor to get't flp th 0

TheHessiancanbeusedtodeterminewhether an extremais a maximum or minimum

Theorem Let f U R U R open fecalul with Pflat 0 for some x ell
Then

If Halil is positivedefinite i.e chHeath O f help h 0 then f
has a localminimumat X

If Halil is negativedefinite i.e ehHanh co their h 0 then f
has a localmaximumat X



Proof FollowsfromtheTaylorexpansion makingh verysmalll 0

Note Since It is symmetric alleigenvalues are real Then It is positivedefinite

if andonly if all eigenvalues are positive

Averysimple example f xx x y

Of II Of 0 for xx 10,01

Affleck19011 1 12 so Hf101 is negativedefinite

f has a maximumat 10.01

Otherexamples seegeogebrapicturesbelow
o f xx X y't2 Hf10,01 8 8 saddlepoint

IchHeh 0 forsomeh and

chillyh co forothers

fly x y't2 It 10,01 18 degeneratepoint

chHgh 0 forsomehelp

flat y 3 4 2 Hf1901 18 8 degeneratepoint

monkeysaddle seepictures



2 3 TheInverseandImplicitFunctionTheorems

Question Under whichconditions is II copal invertible
Here f goesfroma subsetof IR intoa subsetofIR

And If f is invertibleanddifferentiable is then f alsodifferentiable
theiverseof f

Reminder

f X Y is called injective or one to one if fix fixe implies xp x
Inotherwords GivenyeY then flaky foratmost one Xe X

Ex f IR IR x net is injective but f R R x tox is not

f X y is called surjective or onto if KyeY thereis an xe Xs t flirty

Ex f IR IR x me is notsurjective but f R loul x ts et is

o f X Y is calledbijective if it is injectiveandsurjective

If f X Y is bijectivethen it has an inverse f Y X

i.e f f ly1 y FyeY or f I fix x the X

From Analysisand Calculus weknow the case u 7

If f is continuously differentiableand f p 0 then f is invertible in a

neighborhoodof p f is continuously differentiable and f fip 1

flipIf ftp.ky then f f fit ly



For us 1 Use linear approximationof fi then f shouldbe invertible
insmallneighborhood



The following pictures were generated with https://www.geogebra.org/3d.

f (x , y )=x ²− y ²+2

f (x , y )=x ³− y ²+2

https://www.geogebra.org/3d


f (x , y )= y ³−3x ² y+2

(“Monkey Saddle”)


