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Today we discussthe InverseandImplicitFunctionTheorems

Theorem InverseFunctionTheorem

let UCR beopen f U IR be C ul andletDflp beinvertibleforsomepell
Then

a there areopenneighborhoods VofpandWof g f pls t flu V W is bijective

i.e fluhas an inverse
b The inverse fl is C W

Note

Dflp invertible The JacobianmatrixJiglp is invertible

Using thechainrule we find 1 D f of p Df IfipDflp
identitytrvativeof chainrule

D f lap Dflp our Fifa x

Theinversefat themimplies The systemof equations fly al Yi i ti in

can besolved for xn xu intermsof ya yn if x andy are in smallenough

neighborhoods of pandg
If f KW is CYand f existsandis c then f is called a C diffeomorphism

If anypethas a neighborhood t s t fly t flit is a diffeomorphism then f
is called a local diffeomorphism Note A fat that is a localdiffer is not

necessarily a globaldiffeo seeHW



Closely related tothe InversefunctionTheorem isthe followingquestion

let f IR IR Underwhich conditions can wesolve flay1 0 for Xen in

terms of yelp
Inotherwords In thesystemof equations f hi xu in Ym 0

fulfil Xu Ye Yu1 0
can we solve for talentgym Xulienneat atleast locally

I
Ex fix a x'tf 1 x y ER

Y

fly 1 0 has twolocalsolutions X ly IME
Moreprecisely Solutionpossiblein an openneighborhoodexceptwhen X 0 14 171

At X O wehave 1 0 2 1 0 0 i.e ly notinvertible

It seemswerequire tobeinvertible

This is generalizedin the following theorem

Theorem ImplicitFunctionTheorem

let Ucla beopen f U IR beCCal and ftp.q1 0 forsomelp.gl ell

Weassumethat lp.gl
I gig

lip isinvertible

Thenthere are opensets Vc IR andWalk with pig eV yewsf toeveryyew
corresponds a unique x sit Hel eV and fly1 0 If this x gly

then
g
WIR

is c glyl p flylate 0 andDgly E lugFlip



Note The formula forthederivative follows again fromthechainwk

O D fly a
Dflipg Dlgirly q ftp.g EJ

y

ftp.gDgly t lip.gl

In our exampleabove fleek x'ty 1 x O

glyl F for x 0 fight1 0 and of II I Fe
Moregenerally

A surface Mate canbedefined via Flay t 0 F U R i.e

M AntleU Fine H O Then theimplicit fattha tellsus that if
Fe Chul and of 0 then locally thesurface canbedefinedvia the
explicitequation Z Olay
Surfaces are special cases ofmanifolds a concept thatwillbe introduced
in Analysis III

Fortheproofs re need an important theorem

First on a metric space X dl amap f X X is called a contraction if
there is Ofc c l s t d f fly fly e c d x y

Apoint x e X is called fixedpoint if fix x

Note Suppose f is a contractionand ithastwofixedpoints fix.tn fix kx
Then d xuxa d fin fail e c denial withOsce1 which

implies dlx.it 0 i.e Xie

So if a contractionhas a fixed point then it is unique



Moreover

Banach FixedPointTheorem for ContractionMappingPrinciple
If X is a completemetricspace thenany contraction f X X has a

uniquefixedpoint

Proof Seehomework 5

Define Xun flat fu and showthat xu is Cauchy limit x exist

since X is complete s f x f f thistallyhim flat hisXun x o

fcontinuousWhy

Note Thisproof givesus an explicitway to construct thefixed point
It is thelimitof the sequenceXue f ta

l e choosesome Xo then Xr flt a flankfl fltoll i.e Xu f to1



Next Extraexamplenotcovered inthe in personclass

Example Newton'smethod for findingzeroesof flat

We guesshope that the iteration Xue xu II Fla convergesto a zero

of f Suppose f x 1 0 f x to Then Fl x i.e x is a

fixedpointof themap F

WiththeBanachFixedPointTheorem we couldnow findsufficientconditions

forNewton'smethodtoconvergebyconstructinga suitablecompletemetricspaceX
onwhich I maps X X andis a contraction

Eg For fat x
3 wehave F x x X II E x E

Here I Fi n IA ul ie we can choose X B o which is closed

so X withthestandardmetric absolutevalue isindeed complete

Is F a contraction on X

d Fly Fly1 Fat Full L At 3 let311

I x y
31kg111

E11 4112 11

E E H Y LII
E E lx Y soyes F is a

contraction

So byBanach's fixed point them Xue Flat convergesto the unique
fixed point X P forany initial XoE trial

In fact for X E 10B1 wehave X Fix E x t I B so we

could use any to 0 as initialpointfor theiteration


