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3 Integrals

Generally there are atleast 3ways to integrate in many variables

Successive 1 dimRiemannintegrals fan fix ix idk final dx die

Then animportant question is Is S Sfaxtilde dx S S finaldxe da

Re define theRiemann integral in ndim usingpartitionsof R

Question Is it equal to successive 1 dim integration

Lebesgueintegral see Analysis III

3 1 PartialIntegrals

Wefirst considerpartialintegrals i.e Fly I fixyldx
Here I Cab x as In x Ia f I IR fl yl is integrablefor every
YE Iz F Iz R Taft ofthevariable

inthefirstslotforfixedy



Akeyproperty tounderstandpartialintegrals is uniformcontinuity

Definition let X Ybemetricspaces Then f X Y is called uniformly continuous

if He O F f 0 s t K xx e X with d xx't c f wehave d fix fix l c e

oueeworl.sk eX compafwithmifom
convergencel

Wewill usethefollowingresult applied tothecompactsets I I I 1

Theorem If K iscompact and f K Y continuous then f is uniformlycontinuous

Proof Let e O For each x e k f is continuous i.e F 8 so s t Vywith

IEyt
we have d fix full

Now Bs A k is an opencoverof K and sinceK compactthereexists a finite
subover Bs Hit in in

Wechoose 8 yip E Thenforall x y e k with dlxyl a 8 wehave

dIx x l c E for some j t in since Bs Hit in n
is an opencover

dlynx I t dlyxt t dIx x I I 8 t E eSy
Thus d fix ifhi edfglfixlltdlfgiflx.cc

s O

NoteWesoldalsouse sequentialcompactnessfor theproof I

Back to thepartial integral Fly fixeldx



First weaim at proving dI I dx Afirst intermediate result is

Theorem If f e CI Il then Fe Iz
fiscoutinuoson I In XIs

Proof let s 0 f e I f uniformlycontinuous on I 3 78 0 s t

Kray withEEy8 I fail fire'll Ea

Then IFlat Fly'll fan flail dx e
filegfeldxe lb at fate

0

Thenthefollowingholds

Theorem Leibnitzrule Il
If f e CII and e CI Il then Fe C Iz andGIlet I Heldx

Proof let e 0 Since e CI Il it is uniformly
continuous.TT

Therefore I 8 0 s t Axe I y y e I withly y of

I ix e ix ill Ea
Then forthles letheIz

I
Flethl Fly
h f txt dx fatty t fine dx

Ixet0h o o 1 bythemeanvaluethem
C b alEa e

F differentiableand x holdsWithpreviousthin appliedto I is continuous
lie FEC Fl D



Whataboutindefiniteintegrals

Theorem Leibnitzrule II let Ican I lap I Int f andfyeCLI
Assume lil Fly If ixeldx convergesHye Ie

ii I ixeldx converges absolutelyanduniformly on In

Then FEC I and fly goof g dy
ie gu I Heldtconvabsanduniformly

Proof Comparedtothe previousthen we cannot useanymorethat is uniformlycontinuous

But we find forany b a

Flythl Fiel
n f flayldx e I lat oh Hel dx

E f ix et th x y dx I layout dx I flail de Ce

enTE Tyuniformconvergencebe as in previousproof wecanchoose te ofNewstYuanUysI I Idxc f
8 E a

duetouniformcontinuity

Continuityof F ly I wields follows asbeforeandwiththesameargument

of splitting I 0

Example fixe e
Y si on I On x a B Oca's land flat 1

Here ixy e sink


