



































































































































AdvancedCalculusandMethodsof MathematicalPhysics Session 15

Prof SorenPetrat ConstructorUniversity Spring2023 Mar24,2023

Letus disessone example of applyingtheleibniz rule

Example Weaimat compting I sEdx For that we usethe followingtrick
Wedef fixe e

Y si on I On x a B Oca's land flat 1

Then ixy e sinx which reknowhowto integrate

Wehave yea 0 so e Yee x and Sigel and Isin ell so

conditions i and Iii from Leibnizrule I hold

Wefind F ly I heldx e

siuxdxc
fy1

tt el e 1cool dx
integrationby
parts

Tty egging halfe sinxdx

ni

F ly y y't ly F ly fye

FIB Fla IFlyldy arctana arctanp

Notethat Is e I e dx fin I 70 so for B o weget

O Flat arctana I Flat É arctana where Flat é SIE dx



It canbeshownthatF isindeedcontinuous fromtheright so wehave computed

theDirichletintegral7101 1SEdx É I Feynman'strick

For thenext generalizationof the leibnizrole the integrationboundaries canbe
variable

Theorem Leibnizrule III For I ab xCas I x Iz let f and e CI Il

and 0,4 I In be c l I l let Hly fi field x
ThenHeC Ie and Hly fi heldx t fluent 4let f latelyI0ly

Proof Define Flaunt fixelder and blek ly041hell then II g
For fixed uandu I satisfiesthe conditions of Leibniz wk I so I heldx

Thenthechainwlegives H lyk Fo6 6 I I heldx f f 06 144

I heldx flatelyOly tf Kelly441 0

With thesethree theorems we have a goodunderstandingofhowto exchangeintegration
anddifferentiation NoteMuchnicerconditionsholdforthelebesgueintegral Analysis III 1

Next Does the orderofintegrationmatter



Theorem let f e CCI I aib xtaBJThen

I fail dxdy I fixeldydx

Proof Idea estimateintegrals on smallrectanglesandthen use uniformcontinuity

let e 0 Since f uniformly continuous
E

IS 0 s t if dlexylchill af then I fail fixit'll b all a

Nowwe partition the x andyaxis Def a x exec exurb and a yoay c cym p
suchthat Iij Xinxi xtypg hasdiametersmaller 8 Ki j

Wedef wig IE gflxielandMijYYIgfhYl

If Aig area Iii Xi xially yj.nl then

MigAajE It Iifixedydx eMigAij
Summingupyields

E MigAi E f Ifix ildydx egMigAij 1

This argumentworksjustaswellfortheotherorderof integration i e

EmigAij I I fly dxdy e j MijAij l



Since I misAi EMijAij E EAijlmigMish E

lballs a by

theinequalities I and I l yield

fixieldydx I fixyldxdy c e thisholds too i.e the
lefthandside 0 0

Examples

flx.pl x on I To1 xLap with Oca B Wehave

Ixdy Jem dy e 1,5 If and

exphe teeth

Six ax In l eh

Thus III'd x I f dy Inletill lull pl hiatal hi

f x y
X y

app
on 1 0,11 4,1 SeeProblem4 Homework7

Note flat isnot continuous on Con xton Infact weshow inthehomeworkthat

Ifixeldxdy F I I fixeldydx f


