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Def E
For f IR IR wedef thepartialderivative

with II a him filatte't fila Thematrix 1 a calledJacobianmatrixat a
to t

Recall f Uttar differentiableat acu s EYexistsforall j and Dflall ÉEilat
Converse

Ex flay
forGiel lao

0 for xx 10,01

110.017 0 11901 but fnotcontinuousat10,0 thusalsonotdifferentiableat19011

Recall

Def f wastewithallpartialderivativescontinuous onU f e c f is ofclassC

Thu f e c s f differentiableonU fec onU of continuouslydifferentiableonU



Def o f e c all alsomixed partialderivativesoforderk existand arecontinuous

f e co f cont

f e Cn or f smooth means feck t k so
i f I

diffeomorphism smooth smoothinverse CkdiffeomorphismC'tc inverse

UNopen

Thu Schwarz fec Offa feck allpartialderivatives

uptoorderkcommute

Def directional derivativeof f the indirection veld at aer is

Df la flattullio
note Duflat DflatV É Eilat v i c of vs

chainwe

linearDr Xfayla XD flat Duglat ter

productrule Duffglial Duflat glatt flatHuglal

Recallthat an important res it is

Thin IInverseFct Thu

let f AMIR Mopen be c withDflat invertibleforsome a ell Then Ifellopen
s t flyhasinverseofclassC andWe flV isopen Moreover If fix Dfa

AxeV derivativeofinverse inverseofderivative

Note If Df la notinvertible thena iscalledcriticalpoint andflat a criticalvalue



Recall a matrix Ainvertible or nonsingular detA O
thinkofdef A volumeof parallelepipedspannedby columnlovrow vectors

volume 0 row vectorlinearlydependent

Ax y doesnothaveuniquesolution x forally
A doesnotexist

def defby leibnizor Laplaceformula

defAB defAdetB s kdetAA dett detA dett It

Ex fat I

I L
detD f xx e cosy te sin e O f xx Df everywherenonsingular

inversefat thin applies
to critialpoints

butnotethat f isnot globallyinvertible periodicin y



2 Topology

Weput our firststructureon a set X

Def
let X be aset t UiCX I someindexset with

X X et

arbitraryunionsofUi's Et

finite intersectionsofUi's ET

TheneachUiis calledopenseteachUi X14 closedset t atopology

IX t a topologicalspace anyUisp a lopenneighborhoodofp

Ex metrictopology on a metricspace X dI tried dixylso
day O E X Y

defopenballsBr x yeX dlayor asopen dlxxkdly.tl
d x z edixie tdlyz

UcX isopen if AxeU fr 0withBritt c U

More extremeexamples

Discretetopology Everysubsetof X is defined as open

Trivial topology Only0 andX are defined as open

A topology allows us todefine
convergence Xi so x if forevery neighborhood UofXFNewst Xien Kin

continuity preimagesofopensetsareopen



Def Abijection f X sY with fandf continuous iscalledhomeomorphism

Weoftenwantto study topologieswithmorestructure

Def
X t is calledHausdorff if forall X X E X x axe there are open neighborhoods

U of x iUeof x with U nk 0

Ex metrictopologyis Hausdorff choose xox eX S d xx U By lx 1theBg x
Zariski cofinite topologyonTK or G Uopen 4 0 or XIU isfinite

notHausdorff


