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Generating topologiesbasis

Def TakeanysetXandB acollectionofsubsetsofXwith
a X Y B
b H B B E B X E B nBe F B ED with Xe B CBinBe

Thensetof all unionsof elementsofB iscalledthetopologygeneratedbyB

note 0 istakentobeincludedin b

it is indeed atopologybydef anddueto b finiteintersectionsincluded

alternatively to lb we couldjustincludefiniteintersections

Ex openballs in IR generatestandardtopology

Def A collectionB opensetsofX is abasisfor x it1 if everyopensubsetof X
is theunionof elements fromB

Def Kit is called second countable if thereis a countablebasisfor t

Is IR secondcountable Yes takeballsatrationalpointswithrationalradius

Def Acollectionof open subsetsofX s t theirunionisX iscalledopen cover

For ScX anopencoverofS is acollectionofopensets Hi ieI s t.SC It Hi
I someindexset

Asubcollectionthatisstill acoveriscalledsubcover



Thu let X t besecond countableTheneveryopencoverof Xhas a countable

subcover f Lindelof space

Proof Idea we indexsomesetsoftheopencoverbybasiselements s t westillhavea
subcover

B countablebasis

U someopencover

Bu BeB B V forsome Vell

for each BeBwchooseoneVBell s t BCV

We VB BeBu iscountable does it still cover X

pick some ye X toshow yeVBforsomeVBElle
thereis Vell YeV lbopencovert

thereis BeB YEB V Bbasis

BeBu yeBCV forsomeVBe the Ucopencover 0

Next subspacesandproducts

Def T.tl top space S X Thenthesubspacetopology on S is

I Ucs U Vn S forsome Vet

Ex naturaltop on acircle



Cartesianproduct

Def let Xi til Xanth betopspacesTheproducttopology on X xox Xuisthe

top generatedby U x xUa U ie ti i t ik thecorrespondingtopspaceiscalled

productspace

Def ti X x xXu Xi se ly a x is called i th canonicalprojection

note ti's are continuous ri hit Xix xAix X Xk

f Y X x xXkcont E fi ri of Y Xi componentfats cont

I compositionofcont fat s bydef

Next compactness finitenessconclusions oninfinitesets

Def Atop space Xt is compact if everyopencoverof X has a finitesubcover

note compactsubset means it is compactin subspacetopology

recallmainresultsfromAnalysis

If X it compact theneverycontinuous f X IR assumesitsmaximumandminimum

HeineBorel Xc IR compact X closedandbonded

f X Y cont X compact 3 FIX compact

f M Me Mi d and Madi metricspaces K M compactThen

f cout flu uniformlycont



Note X secondcountableHausdorff ormetricspace

X compact everysequenceinXhas a convergent subsequencewithlimitinX
sequentialcompactness

Next path connectedness

Def Atop space at is connected if theonlysubsetsofX that arebothopenand
closed are Xand 0

note X it disconnected FUV nonemptydisjointandopen s t X UuV

I F UopenandclosedAIX U 0 U openandclosed UuUEx
UEVopenandclosedandneither 0 nor X

Ex F Q1 052,3 withsubspacetopology I 1 I
Eg111,41

19142,3 To1 soto1 isopedbutalsoclosed X disconnected


