



































































































































TopologyandManifolds constructorUniversityBremen Spring2023 Session6
Feb17,2023

Prof Dr SoevenPetrat

22SmoothManifolds

O
fjitition

For asensibledef of smooth fats onM weneed a smoothstructureonM

Def letMbe a top u manifold let A luauBae forsomeindexset I s t

Up are openandcoverM

Kas with hands 0 thetransitionmap anti qq.fi If1is C CaneaandAsian are Cr compatible

Then it iscalled a Cratlasform and M A a C manifold

Note smooth atlasmanifold C n atlasmanifold

justatlasmeansCoatlas Ux opencover

in general atlas isnotunique startingwithatopmanifold

any c atlasis also a Clatlas if k l

howtocheckthat U e andIV41 areCrcompatible i.e Yoe a C diffeomorphism
checkif You is Crandinjectiveand Jacobian non singular

C'compatiblebyinversefat tha






































































































































Nonuniquenessusuallynot aproblem if we usethe following

Def A Cr differentiable structureon M is a maximal C atlas A i enotcontainedinany

largerC atlas

Note maximalC atlas unionofall C equivalentatlases A A are C equivalent if
AuA isCratlas

one can show simpleexercise anyC atlasis containedinexactlyonemaximal
C atlas

but a topmanifoldmighthavemanysuchmaximalC atlases

furthermore forevery C structure f miqueCr equivalent C structure

usuallywe considersmoothmanifoldsonly

Somehardproblems topmanifoldthatdoesnotadmitanysmoothstructure exbykervaine1960
howmanysmoothstructuresdoes u spherehave

n 1,23,56 one
h 4 unknown
u 7 28 firstex Milnor1956

Examples

IR is a smooth n manifold e g
choose onechart IR Ida standardsmoothstatue

onIR

otherexample B txt lday x t IR Both are containedinthesamesmooth
structure

on IR IR if I with fix x defines a smoothstructuredifferentfromthe
standard smooth stature Idof lyky notsmoothatorigin

product smoothmanifoldstructure
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An Cna alma Ike le A then UAul is a smoothmanifold

sphere S useeitherstereographicprojections or directprojections seeHW

real projectivespaceIP seeHW

23SmoothMapsbetweenManifoldsm

80
gg

tofog

Def letM NbesmoothmanifoldsAmap f M N is smoothat p ell if therearecharts

hie withpeaand V 4 withftp.levs.t.flulcVandYofoe 4141 414 is
smoothat alpl Im In

note o f smooth s f smoothApeM
o f M s IR smooth KIRK andcanchoose KIR Kid indef
smoothnesspropertyindependentofchoiceofchartduetodefof smoothatlas

simpleex s identity idM Mandconstantmaps fill M aresmooth






































































































































Standardresults

Proposition f smooth f continuous

Proof Notationasindef then flu 41 40foe Q U V iscont as compositionof
contfats s f contby HwaProblem1 D

Standardstatementswithstraightforwardproof

Proposition o fi M Ni smooth f M tix xNy ftp filpli fulp smooth

f M Nand
g
Nsp smooth gof M P yof Ipl gtipi

smooth

figM It X M IR smooth ftg tf and Ig smooth

fig M it afigAt cfalights
Éfillyill


