



































































































































TopologyandManifolds ConstructorUniversityBremen Spring2023 Session7
Feb23,2023

Prof Dr SoevenPetrat

Classificationof smoothmanifolds

Def letMNbesmoothmanifolds Ahomeomorphism f M NS.t fandf aresmooth is
called a diffeomorphism Mand N arecalleddiffeomorphic Man if thereexist a
diffeomorphism f M N

note MeM use id

MEN NIM bydef

Ma N Iwithdiffeomorphism f N P withdiffeomg M P usingfogI
equivalenceclassofdiffeomorphicmanifolds

classificationof 3 manifolds is a currentresearchdirection

ex any compactconnected l manifold is diffeomorphic to S

Ex BE tell little i IR withstandardsmoothstructure

take f IRIB fix smooth

inverse f B IR f ly fit smooth

B diffeomorphictoR

Homeomorphisminvarianceofdimrequiresanadvancedproofbutdiffeomorphisminvarianceiseasier

let f M i Nbe a diffeomorphism Yofog 6141 414 is adiffeomorphism men

9pm CIR seealsoHWI

Diffeomorphisminvariantproperties are a centralresearchsubject



24Partitiousofunitym

Tool to gluetogether localsmoothobjectsintoglobalones

Def let her er

Asmoothfat h tell withhltkfetwie.IE near iscalledcutofffat
O X 2k

I on Br lo
Asmoothfat H IR withHH betweenoandI on Br lollBr101

O on IR IBrdo
iscalled smooth bumpfat

Suchfats exist

Eg def FAIR fix
É it o

o so
i fromAnalysis weknowthat f issmooth

Then hit f is a smoothcutofffat Hix halal a smoothbumpfatfire x t fix ri

Noterecall supp f xen fix to supportof f

Next gluingtogetherformanifolds



Def let 2 XD etbeanopencoverof amanifoldMWecall YaM IRcont
smoothBea a

smoothpartitionofunitysubordinateto X if
Of4,41E I KaeATEM

suppY cXa KaeA

suppYBea locallyfinite eachxemhasneighborhoodUthatintersectsfinitelymanysupply's

EAYaH 1 He M

Thm For a smoothmanifoldMandanyopencover Takea thereexistsasmooth

partitionofunitysubordinatetoX
WeskiptheproofandrefertoHWforapplications



25Tangentmpace

Wefirstrecall somebasi Linear Algebra

Def A vectorspaceover IR oranyfield is a set Vwithtwooperations

addition K V V

scalarmultiplication IRXV V

that satisfy

V is an abelian
group

underaddition i.e associativecommutative Fzero Finverse

X ter life v tu eV but ER

I V V F v eV

distributive it t.lu X utter

total tu tf w
the Y dit en
tu weV XEIR

Ex s IR u xmmatrices Polynomialsofdegree en

Recallnotionsof linear combination linear in dependence basis

Def AmapT KW Kwvectorspaces is linear if Thy tt.ve XTlultxeTlu
Vu neV X d ER

A bijectivelinearmap is calledisomorphism

Note o f isomorphism f linear I flaunt tflu flat Xv w f ll fit find
V W isomorphic Fisomorphism dimV dink

Canonicalisomorphisms arethosethat involve noarbitrarychoices e.gofbasis

Allnoms onfinitedimvectorspacesare equivalent Hull scHull tillv11
all lead tosametopology

Givenbasis e en def isomorphism E IR V E x ÉXie IV E chart

topologicalmanifold



If ten Eu is anotherbasis Elx Éx'éiFmatrixofbasischangeAt ie ie I Aies
transitionmap É o Eat EYExieil E.IEygyIgfEAixi i Aix

diffeomorphism

IVE Edefviabasis smoothatlas smoothmanifold

standardsmoothstructure

Nextdef derivatives for f M N

Ideas need linearapproximationto f

derivativelivesinwhatwewillcallthetangentspace
but wantdef independentof anyembeddinginhigherdimspace

alsowantdef indepof coordinates

roughidea spaceof all directional derivatives

Recall directional derivativeof f IR IT atpoint a indirection r

Dula f Du flak flattr to Ivi Eilal

productrule DuffyCal flatDuglat t glatDuflat

Def For aetc amap w Colinl IR is called derivation at a if it is linear

andsatisfiesleibniz rule w fg flatng glalwfff.geC IR l
Talk w w derivationat a


