



































































































































TopologyandManifolds ConstructorUniversityBremen Spring2023 Session8
Feb24,2023

Prof Dr SoevenPetrat

Nextdef derivatives for f M N

Ideas need linearapproximationto f Ib t manifoldsdon'thavea linearstature

derivativelivesinwhatwewillcallthetangentspace
but wantdef independentof anyembeddinginhigherdimspace

alsowantdef indepof coordinates

roughidea spaceof all directional derivatives

Recall directional derivativeof f IR IT atpoint a indirection r

Dula f Du flak flattr
y II

al

productrule DuffyCal flatDuglat t glatDuflat

Def For aetc amap w ColinI IR is called derivation at a if it is linear

andsatisfiesleibniz rule w fg flatng glalwfff.geC IR l
Talk w w derivationat a

Note Dula is a derivation

some computationsshowthat Talk is isomorphic to IR or IR a x IR the
geometrictangentspacebut Dula is isomorphism seenextHW

ofla Enla is abasisofTalk Eilaf fi al

On a generalmanifoldM we analogouslydefine



Def letM bea smoothmanifoldpen Alinearmap D CMM IR iscalled

derivationatp if Dlfg flpDg t glpDf f figeCTM
smoothM IR

TpM D Dderivation iscalled tangentspace toMatp
Note TipM is avectorspace sonow wehavealinearstaturefor our derivatives

Ex If f const c then u Ifl aunt i vk.tl c I l unit nhl1 2 um 2ulf
v Ifl O f veTpM

If flpkgpl o thenv1fg o f v eTpm

Def letM nbesmoothmanifolds F M Nsmoothpen ThedifferentialofFat p
orpushforward is a map dFpTpm TapN defby

Effie IEIketpmifecm
Note Afplol is indeed linear fu derivation anda derivationatFlp

dFplul fg ulfgof v foot lg.FI
ffoFlp u gofltfgoFllplulfoFl
ffFlpildFplullgltglFipl dFplulIf

Properties M NPsmoothmanifolds F M N GN P smooth pen then
proofsomitted dipTpM TapN is linear

y
d bot p Tpm TootieP d

ftp.dIIfdIpmtap

n.dildtntp1dam didpluku bydef I
If F diffeomorphism Ifp isomorphismand dep dIF lap



Important tangent spaces arereally local

Proposition Msmoothmanifold UcMopen i U M inclusionmapThenKpell

dipTpU sTpM is acanonicalisomorphism

diploland u arereally thesame andwewillidentify theminthefollowing

Proof uses thisProposition letpen veTpM If forfige c lml flu glueforsome
neighborhoodUofp thenv f ng TH

wejustprovethis oh f g sohla D
4 bumpfatwith4 1 on suppth supp4cm I p
4h h help 441 0 3 4h41 hipv4 41pluh 0

In v f ng DIThenuseextensionofsmoothfat s

Corollary TpMhas same dimension as M
provenbyusing a local smoothchartatp togetherwithpreviousProposition

Howto docomputations basisoflap Flap
Choosesmoothchart U 4 atp deepTpM TapIR isomorphism

ElpIggy
item coordinated basisofTpm

recalldef
note fecal Elp f lap fo a FpIrl If v lfoF

lil
foc p celpl coordinaterepresentationsof fandp

Sowhat is dFp inlocal coordinates forF Mon see HW


