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Next Embedded submanifoldsfrom levelsets

Proposition If F M N is smoothwithconstantrankr yen then F g is an

embeddedsubmanifold ofM of dimension dimM r

Proof let p e F If choosecentered charts Uae and KY containingpandg i e

inparticular Elp1 04191 0

RankThu 40Fog lx exit x x XYQ ifIF a In a 10 0 x i ex m r slice o

Note inparticular F submersion F l q
embedded submanifold

Next needonlycheck surjectivityofdip forpet q

Def let F M N besmooth

If dFp issurjectiveforsomepen p is a regularpointof F otherwisep is
a criticalpointof F

If all F l a areregularpoints geniscalledregularvaluei if not g is
calledcriticalvalue

Note dimMediaN all peMarecriticalpoints

Proposition If F M Nsmoothget1M a regularvalue then F q is anembedded

submanifoldof dimension dimM dimN

Proof similartobeforebyRankThem



Ex n sphere consider F IR IR Fix x Fixit

DE 21 1 x

rankdE 1 for x 0 any to is aregularpoint

F a foranyRag 0 is an n dimembedded submanifoldof IR

Fx For Oriel x y thelevelset 0 0 isnot anembedded sbmanifold



3.3Sardhstheoremf.E.EE

Sard criticalvalues ofsmoothfatst havemeasure0

RecallfromAnalysis II
s boxin IT R Lamb X xTamba

volumeofR Lebesguemeasure X IRI bi ai Ibu an

Def Any Ack has lebesguemeasurezero if forany e 0 thereexistcountableboxes
Ri Ra suchthat AC Ri andFIXBil ee

Note couldalsotakeballsinsteadofboxes

Ex Acountablehasmeasure0 choosepointsasboxes

Cantorset Y I startwithoil alwayscutoutthemiddlethirds

volume 1 ft t t

I I E 131
I I
O butCantorsetis actually uncountable



lemma Countableunionsof setsofmeasurezerohave measurezero

Proof let e 0 callthesetsofmeasurezero Ai

ChooseboxesRi Rin tocover A s f EFXRip C f
RiJigen coversYenAi

IFÉX Ri I É fi E O

Sard'sTheorem let U ch beopenand f U s IR besmoothThenthesetofcritical
valuesof f has lebesguemeasurezero

Note For n m thismeans flu hasmeasurezero

Remark Weonlyprovethe IR versionFormanifolds wetake countablymanycharts

thenuse thelemmaabove and usethat measurezero is diffeomorphism invariant

Theresultis Thesetof criticalvaluesof F M N hasmeasure zero

Proof for me n and m n

men Idea boxes in IR are smallerthanboxesinR e.g If It I ta 0,11

Fromtopology inR weknowthatwe can uniteU as countable unionofcubes

R a a 8 x X amam8 C U

If X fall O we aredone bypreviouslemma


