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4 LieGroups

Idea rounect groupsand
smoothmanifolds

Motivation continuoussymmetries of differentialeq s e.g
Galileansymm in classical

mechanics translationrotation uniformmotion orPoincarésymm inrelativity

Recall sometimesdenotedx y

Det Agroup is aset6withanoperation 6 6 6 Galaxy thatsatisfies

xy z x yet associativity

Fidentity e ie ex xe x Axe6 noteunique

I inverse i e Axe 6 I x e b with It xx e noteunique

If also xxxx KayeG thenb is called abelian group
If Heb withoperation is alsoagroup Hi iscalled a subgroupof6

Def A lie groupis a smoothmanifold6 thatisalso a groupwiththepropertythat

multiplicationmap 6 6 G ix alt xy and

inverse
map b b X H x

are smooth

Det letg
e6 6 liegroup thentheleftandrighttranslationsLgRg b b aredefined

as Lgh gh Rytht hg



Proposition LgandRgare diffeomorphisms

Proof smoothas compositionof smoothmaps LgRgi smooth inverses O

Examples

additive group R t

map x y H Xty is smooth botharelinear

map X H x is smooth

an abelianconnected liegroup ofdimension n

multiplicative
group Rt where R xeR x 0

maps xxl ex y and Xt I aresmooth x 01

note It isnot connected 11214
u II unionof disjointopensets

R is a subgroupof It andopen thusitselfa liegroup

general lineargroup bln IR setofinvertiblenxumatriceswithmatrixmultiplication

note Man R real un matrices is avectorspacethus a smoothmanifold

AeGlu lithe detA O

sincedefMaxlit IR is continuous Glu Rl is open thusalso

a smoothmanifold

AB t AB smooth matrixentriesare polynomials

At A defyadja smooth
adjugateofA somepolynomial

GL.lk is a lie group



GLI R AEGLIN detA 0

detAB detAdetB anddetA delta GLIIMI subgroupandopen
def'llonly

lie group
similar GL up invertiblelinear

mapsV V foranyfinitedimensionalvectorspaceV
is a lie group

circle s zee 121 1 withcomplexmultiplicationis a liegroup I iirilegroup
u tors S x xS is an n dim Liegroup

Heisenberg group H x keep playsimportantrolein physics

One can checkthatit is a liegroup

Def let A bbe liegroups AsmoothmapF G It iscalled liegrouphomomorphism if
F xy FlyFlyl KayeG
TtinG tuff
If F also a diffeomorphism wecallit liegroupisomorphism

Ex exp IR It X H et lie grouphomomorphism leftist ate
s

exp It liegroup isomorphism

det 6Lalit IR't lie grouphomomorphism datAB datAdetB
a liegrpb.ge6 thenconjugationbyg

is themapCgb 6 ht ghg
smooth

group
homomorphismandisomorphism Cg Cgi

Ig hit ght g ghggig ythigh
Def a subgroupH G iscallednormal if Cg It H Age6



Thu Every lie group homomorphismhas
constantrank

Proof Take somegot6andshowthat dfg hassamerank as dFewith a identity
byusing thechainvile on Flqet F Ilge Details HW O

Thenthe global versionof therank then implies
ALin group homomorphism is a lie

group
isomorphism if andonly if it is bijective

Alsonote

Proposition let6 betheidentitycomponentof6 theconnectedcomponentcontainingthe
identity Then6 is a liegroup dim6 dim6 and6 is a

normalsubgroupofG

Proof HW

In somelaterclass
Oln So I n UCal Sulu as liegroups
representationtheory representation tiegrouphomomorphismb 36214 Va vectorspace

eg 41 1
solution to a translationor rotationinvarianteg Yesomevectorspace

leg
functionspacesHilbertspaces

KIRA Reb is adifferentsolution

4 RH MIR YA important research topic
in

representation


