



































































































































TopologyandManifolds constructorUniversityBremen Spring2023 Session19
Apr13,2023

Prof Dr SoevenPetrat

54Tensorfm

Recall IUn VuWW hevectorspares

A V x x k W is calledmultilinear if

Alvin Xivtri V XiAly iv t t Alvin vii in
k W W setofallmultilinearmapsK x XK W

If AVix Vu R and B W x xWe IR aremultilinear then

A B Vix xVaxWix xWe IR A B y vnm we Alum a Blm we

iscalled tensorproductofAandB
s D Elix EYE 1einen einen is a basisof LIYi Ki RI and we

EsomeIdrallbasisofU't
this naturally define the n fold tensorproductof V Wehave

LIK VIR EVE

T H VIq spaceofcovariant k tensors

A V4 alternatingcovariant K tensors i.e at 1401satisfies
41 Vi y 41 Vj Vi

Note I UH Symmetriccovariant K tensors 1 A l vi y I p l Yi Vi I

Ex For a lieall innerproductspaceV theinnerproduct is a variant2 tensor

On R thedeterminant as afat of its columnlorrowlvectors is an
alternatingcovariant2 tensor

T IV spaceofbilinearforms onV a ai je s



Weoftenneed to antisymmetric covariant tensors

Def The alternation Alt Thirty 1 it isdef as

Alta un in f Jes Isgu6 a Vani iVakil where

Sk is thesymmetricgroupon kelements i.e thesetofallpermutationsof 1 k

syne 1 1 EE I signofthepermutations

Ex set I AHA in ul E Blue Blunt

Note Analogously we can defineGym9 14 4 FEs a vomit iVomit

The tensorproductof two alternatingtensorswill ingeneralnotbealternating so wedef

Def For we 14 1 yet v4 the wedgeproduct or exteriorproduct isdef as

thecutty way II Alt twoy
Tcombinatorialfactorincludedforconvenience

Note Analogously thesymmetricproductof twosymmetnitensors af is def as af Symlap

Propertiesof wedgeproduct straightforwardtochecksomeof it inHWI
bilinear associative

way l l
e
y s w

e e n net inc cin is abasisof 1 it 3 dim1ktu I I u dinV
s w n awk um vn detlwilvil E.g wiw lunk1 2 filmuhl a'www1
to combinatorialfactorherewithfur invention datwinil



Next from k tensors to K l tensors

Def For vet wedefine theinteriormultiplication

in A u 1 NH was i we v w Iv intowt by

ftp.Y Y i i k k w Vik ki Va

Properties doin 0 sincew'sabove arealternating
we 14uh ye19 1 intwin finalng t l it w alion
directcomputation seeHWI

ftp.fftnttyIitgni alternating covariant k tensorbundle on
Adifferential k form is an alternatingcovariant smooth tensorfield

M 1 TM I1e for w adifferentialk formwehave ape 1 TM
Wedenote r M all k forms

Remarks we r lml y e r lml then waydefpointwise i.e win p WpAyp

Incoordinates W I in win indx n ndx EWIdx I in in amultiindex

smoothfunctions Wi in w fin Ein

Ex s on IR we sin xyldy ndz in dxndyndz


