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6.2RiemannianManifolds

For Riemannian geometry we introduce an innerproduct oneach tangent space

let Mbe a smoothmanifoldwithor withoutboundary

Def ARiemannianmetric onM is a smoothsymmetric covariant 2 tensorfield g
on M that ispositivedefiniteat allpell
A Riemannianmanifold is apair Mig

Since 2 tensor gp is aninnerproduct onTpM we sometimesdenote
gplaw cuing

In local coordinates
g gijdxi dxtigij symmetrispos.def

matrixof
smoothfats

Recall Fortwosymmetrictensors a B wedef thesymmproduct as af Symlap
withGyma 14 Y FEs a Vomit Yiu

Wedef I spareofsymmetri covariant k tensors

g gijdxixdxi ffgijdxiodxitgjidxixdxifgij.ded
x

E gig symmproduct

Ex Euclideanmetric
g on IR g Sig

dxidxi dx t dx
Eat

Here gptuw Sijuw EY v wi v w Idotproduct



Incontrasttosymplesti manifolds wehave

Proposition Everysmoothmanifoldwith or without boundaryhas a Riemannianmetis

Proof IdeaUsepullbackofg with
coordinatecharts

Choose
coveringofsmoothcoordinatecharts Uaa

got ag is a
Riemannianmeth f Sijdxidx incoordinates onUs

let Ya be a partitionofunit sboudinate to Ua def g Yaga
smoothtensor

fieldsink only finitelymany nonzeroterms in a neighborhood aroundeachpoint

g is symmbydef
Positivity

gpluvt Yalplgalpinul VO veTpm

Tfatleastonea

Witha Riemannianmeth we candef foru weTpM

lengthnorm lulg I curg gpluvl

angles0 via iosQ hwy
Nighty

orthogonality cawg 0

Furthermore

Def Atotalframe En En on anopenneighborhood UMis called orthonormal frame if
Elp Eulp are anDNBofTph Upell

WithGramSchmidteven localframecanbeturnedintoan orthonormalframe Consequently



Proposition EveryRiemannianmanifold Mig has a smoothorthonormal framein aneighborhoodofeachpen

NextPullbacks

MNsmoothmanifolds
g
Riemannianmetricon N F M Nsmooth Is F g

aRiemannianmeti onM

Recall g ptu w gripldfplulidf.tw tuneM

Needtokeeppositivity needinjectivityofdFp

Proposition Itg aRiemannian metriconM t F a smooth

IIIIffustrankdimm

Ex F IR IR laul te lacosu u sin ul helicoid

Ig dtacos t dlasinut dlui
Érsuldinosul

cosudu asinudu sinuduturosudul'tdu

Lost sinulda fu lsin ut cos It 1 du t fusinucosutusinuc.sududv

du u'tetdu

Ex changefromCartesiantopolar coordinates IEfIr f Fid

indomain codomain

ginpolar
coordinates is g dfucose t dIrsinet

cosadr usingde t sincedr tu rosedat
dr't r die



Note If IMig Imig Riemannianmanifolds then aRiemannianisometry is a diffeomorphism

F M M s t I g g
If suchan F exists IMig andImig are calledisometric

Riemannian geometry PropertiesthatareinvariantunderCoalor globalisometries

Importantproperty

Def ARiemannian n manifold Mig is calledflat if it is locallyisometrictoRig

Note ComparethiswithDarboux'stha forsymplecticmanifolds

Onecanshowthatall 1 dim Riemannianmanifolds areflat

Ex Swfacesofrevolution

let Cbean embedded 1dim submanifold of viz r so

let S be thesurfaceofrevolutiongeneratedby C

jAt lattlibitt a local parametrizationofC
X It O altcostaltsinGbitt a local parametrizationofSs

X g
dfaithlost t dlattisino t dlbit't

allllcos0dt altisinodo t allHsiaoattattliostdo bitldt

lattitblitildt'taltide

If weparametrize jlt tohavespeed 1 i.e ly til allti'tbite 1 wehave

g dt t altide



E
g unit sphere witho tpoles gltf Isint costI O it in

x g dt sin'tdo

unit cylinder jith Mitt tell

x
g
dt't do cylinder isflat

For a full discussiononeneedstointroduce thecurvature a local invariant quantifying

deviationfromflatness

Aboveonecan show S isflat i C ispartof a straightline


