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NextRiemannianmanifolds Mig as metricspaces

Ideadefinemetricvia shortest connectionwithacurve

Def let yTaibl Mbe a piecewise
smooth curve segmentThenthelengthofy is

Lglyk I lg'ttilgdt Irecall ljltllg gjjitl.in
Important property independenceof parametrization

Proposition let yTaib M be apierwise
smoothcurvesegment and f a reparametrization i.e

f joy
where a aid lab is a diffeomorphismThen lyly Lg j

Proof Asin Analysis Ii followsfromchangeofvariablesformula

Withthiswe candef thedistante betweenpointsonM
Def Fov Migl a connectedRiemannianmanifold pageM wedef theRiemannian distante

frompto q as dgpg izf lyly
wheretheinf istakenoverall piecewisesmooth

curvesegments fromp toq

Ex Euclideanspace R g dglx.pl x yl

Note dgturns IMgl intoametricspace In fact wehavethefollowingniceresult
Theorem Gt Migbe a

connectedRiemannian manifoldThen MigwiththeRiemannian

distanefunctiondy is a metricspace whosemetrictopology is thesameastheoriginal
manifoldtopology



Proof sketch Clear dglp.gl20 dglpp1 0 dglp.iq dglaipl triangleinequality

left to showformeth'sspace dglp.gl 0 if p g
Ideaput coordinateballofradius e aroundp

considerto infimumoverall t sf gHl t
i.e whenthecurveexits t

Nowuse the followinglemma

let
g
bea Riemannianmetricon an opensubsetU R Forany compart Kell there

exist c C O s t Kx ek andD ve IR wehave clulgeIvlge CIulg
This shows Lyftsee 0

Similarlyonecan usethelemmatoshowthat themetri topology isthesame as the
manifold topology D

NoteWethushavethenotionsof completeness andboundednessforRiemannianmanifolds

Corollary Evensmoothmanifoldwithor withoutboundary ismetrizable

Proof Connectedmanifoldwithoutboundaryclear

If notconnected let Mi beconnected components pieMi If teMiYeMj i j
then dglxyledglxipiltdtdglpj.gl is a distancefat

bridgefrompitop

If themanifold Mhas a boundary ConsiderdoubleofM DIM MviaM with

idOM on theidentitymap i.e MUMandidentifyboundarypointsineachcopy

DIMI is a manifoldwithoutboundary and a subspaceof a metrizabletopspaceis
metrizable D






