
Elements of Linear Algebra Week 4 Exercises

Week 4: Systems of Linear Equations, Gaussian Elimination
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Solve the following system of linear equations:

x1 + 3x2 − 5x3 = 4

x1 + 4x2 − 8x3 = 7

−3x1 − 7x2 + 9x3 = −6
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Find α ∈ R such that following system of linear equations has infinitely many
solutions:

3x1 + (6 + α)x2 = 11

x1 + 2x2 = 3

(a) α = 1
(b) There exists no such α.
(c) α = 2
(d) α = 0

3. multi
�� ��Single

Which of the following is true for homogeneous systems of linear equations?

(a) If a⃗ is a solution, ∃k ∈ R such that ka⃗ is not a solution

(b) If a⃗ and b⃗ are both solutions, then a⃗+ b⃗ is also a solution
(c) The system might not have a solution
(d) We can always find a solution a⃗ such that all its components ai are positive
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Let a⃗ and b⃗ be both solutions to a system of linear equations Ax⃗ = v⃗. When is a⃗+ b⃗
also a solution?

(a) Always
(b) Never
(c) When v⃗ = 0
(d) When v⃗ ̸= 0

5. multi
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Suppose the homogeneous system of linear equations Av = 0 has the unique solu-
tion v = 0. Let b ̸= 0. Then Ax = b:

(a) might have infinitely many solutions.
(b) has a unique solution.
(c) might not have a solution.
(d) might have exactly two solutions.

6. multi
�� ��Multiple

Consider some 2× 5 matrix A, and some vector b ∈ R2. Then the system of linear
equations Ax = b might have

(a) no solution.
(b) exactly two solutions.
(c) infinitely many solutions.
(d) exactly one solution.

7. multi
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Consider the standard basis in R3: {ex, ey, ez}.
Which of the following matrices represents a counterclockwise rotation with angle
φ around the z-axis?

(a) R =

cosφ − sinφ 0
sinφ cosφ 0
0 0 0


(b) R =

 1 0 − sinφ
cosφ 1 cosφ
sinφ 0 1


(c) R =

cosφ 0 sinφ
0 1 0

sinφ 0 cosφ


(d) R =

cosφ − sinφ 0
sinφ cosφ 0
0 0 1


8. multi

�� ��Single

Consider the vector space P2(R) = {p(x) | p(x) is a quadratic polynomial}.
Is the derivative operator D : p(x) 7→ p′(x) ≡ d

dx
p(x) a linear operator? If it is, how
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is it represented in the standard basis B = {1, x, x2}?

Hint: You can express a polynomial ax2 + bx+ c as

cb
a



(a) D is a linear operator with [D]B =

0 0 0
0 1 0
0 0 1


(b) D is a linear operator with [D]B =

1 0 0
0 2 0
0 0 3


(c) D is a linear operator with [D]B =

0 1 0
0 0 2
0 0 0


(d) D is not a linear operator

9. multi
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Which of the following is equivalent to (A ·B · C)T

(a) CT ·BT · AT

(b) AT ·BT · CT

(c) CT ·BT · AT

(d) BT · CT · AT

10. multi
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Let A be a (3× 4) matrix, and B be a matrix such that AT ·B and B ·AT are both
defined. What are the dimensions of B

(a) (3× 4)
(b) (4× 3)
(c) (4× 4)
(d) (3× 3)

Total of marks: 10


