Elements of Linear Algebra

Week 5: Kernel, range, rank-nullity theorem, matrix inverse
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Find the inverse of A= |1 0 1
2 3 1
[—2 -3 2]
(a) Al =14 4 2
|2 4 2]
-2 -3 2]
b) A t=14 4 2
| 2 —4 2]
(c) the inverse does not exist
[—2 -3 2]
(d) At=1]4 4 =2
|2 4 2
2
3.5 —1 0.5
Find the inverse of A= [ 10 -3 2
25 —1 15
(0 1 1
(a) Al =12 -1 =2
-1 1 -2
0 1 1]
b) At=12 -1 =2
1 1 2
(¢) the inverse does not exist
[0 1 1]
d) A7t=1]2 -1 -2
11 -2
d
1 -1 1
Find the inverseof A= |—-1 1 1}.
1 1 1
[ 0.5 —0.5 0.5]
(a) A'=|[-05 0 05
| 0.5 =05 0 |
[ 0 —05 0.5]
b) A =1-05 0 05
| 05 05 0|
[ 05 —05 0]
(c) A ' =|-05 0 0.5
05 05 0

(d) the inverse does not exist
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Find the kernel of A = |0
0

(a) ker(A) = span
(b) ker(A) = span

(c) ker(A) = span

————
LL| L1 o = [\DI

(d) ker(A) = span 1

5. =] &)

An n x k matrix A has the following kernel:

2 -2
ker(A) =spanq [1],| 1
0

What is the dimension of its image dim(im(A))?

6.
Given the matrix A = B-C - D find its inverse A",

7 G

A linear map D : R? — R? is given by the following matrix in the standard basis:

Lo Rl

. : . : I |1
Dy = L O} . How is the map represented in the following basis: {% L

@ D= |34 ]

) Du =) ]
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Consider the standard basis in R*: {e,,e,,e.}.
Which of the following matrices represents a counterclockwise rotation around the

z-axis?
[cos 0 sing
(a) R=1|] 0 1 0
[ sing 0 cosgp
[ 1 0 —siny]
(b) R= [cosp 1 cosgp
[sinp 0 1

[cosp —singp 0
(¢c) R=|sing cosp 0
L0 0 1
[cos¢ —sing 0
(d) R= |sing cose 0
0 0 0

0.
Consider the space of 2 x 2 Hermitian Matrices Hy(C) (the space of 2 x 2 matrices

A with complex entries such that A" := A= A).
Which of the following is true?

(a) H2(C) is a vector space over the field of complex numbers, but not over the
real numbers.

(b) H,(C) is not a vector space over the field of real numbers or complex numbers.

(¢) H(C) is a vector space over the field of real numbers, but not over the complex
numbers.

(d) H»(C) is a vector space over the field of real numbers and over the complex
numbers.

10,
Consider the vector space P»(R) = {p(x) | p(x) is a quadratic polynomial}.

Is the derivative operator D : p(x) — p'(x) = d—p(x) a linear operator? If it is, how
T

is it represented in the standard basis B = {1, z, z*}

c
Hint: You can express a polynomial ax® + bz + ¢ as | b
a

010

(a) D is a linear operator with [D]gy = [0 0 2

00O

(b) D is not a linear operator
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(¢) D is a linear operator with [D]g =

(d) D is a linear operator with [D]yg =

O = O O N O

Total of marks: 10



