Elements of Linear Algebra

Week 7 Exercises

Week 7: The determinant and eigenvalues
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Consider the linear transformation given by the matrix.

11111
1 23 45
T'=12 3 4 5 6
345 6 7
4 5 6 7 8

Is T invertible? Why? (Hint: Pay attention to the first three rows.)

T is invertible because det(7") = 0

(c

(a)
(b) T is not invertible because det(7") # 0
) T is invertible because det(T") # 0

)

(d) T is not invertible because det(7") = 0

Consider the linear transformation 7 : R® — R? that has the following values on

the basis elements:

Is T invertible? Why?

T:(1,0,0) — (—1,0,1)
T:(0,1,0) = (3, -2, —1)
T:(0,0,1) — (1,1,1)

T is invertible because det(7') =0

(

(a)
(b) T is not invertible because det(7") = 0
¢) T is invertible because det(T") # 0

(d) T is not invertible because det(7") # 0

3. [ &)

Use Cramer’s rule to solve for y in

(a) 2
(b) —1
(c) 1
(d) -2

4 =] @)

Ar =

Tt = N
O = O
[enll RN V)

Use Cramer’s rule to solve for y in

ar +by+cz=1
dr+ey+ fz=0
gr +hy+iz=0.

Sl

You can assume that the relevant 3 x 3 matrix has non-zero determinant D.
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5. =] &)

Use Cramer’s rule to solve for x; in

2[E1+l’2:1

$1+2$2+$3:O

Z’2+2£E3:O.
1
(a)g
b) —
(b)
(c) 3
1
(@) 1

6. [ (&)

Compute the inverse of the matrix (try using the classical adjoint)

1
H=10
0

o = Q
_ S0

where a, b, ¢ are arbitrary real numbers.

1 0 0
(a) [ —a 1 0
lab—c —b 1

[ 1 00

(b) a 10

lc—ab b 1
[1 —a ab—c
(c) 10 1 —b
0 1
a c—ab
1 b
0 1

10
1
@ |o
10
7

Compute the inverse of the matrix (try using the classical adjoint)

cos(f) 0 sin(0)
Ry = 0 1 0
—sin(#) 0 cos(f)

where 6 is an arbitrary real number.
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5. ol @)

Find the eigenvalues and the associated eigenvectors of the matrix

1M1 1
=55 A
(a) )\1:\/57’01:(1,\/5—1)
)\2:—\/5,"02:(1,—\/5—1)
(b) M =10 = (V2—1,1)
)\2:—1,U2:<\/§+1,1)
() M =10 =(1,vV2-1)
Ap=—1,0=(1,—vV2—1)
(d) )\1:\/§,U1:(1,1)
o= —V2,0; = (1,-1)

9. [=] &)

Find the eigenvalues and the associated eigenvectors of the matrix

1 2
]

(a) )\1 = O,Ul = (—2, —1)

)\2 = 5,1)2 = (—1, )
(b) )\1 = 0,1)1 = (2, 1)

)\2 = 3,1)2 = (1,3)
(C) )\1 = O,’Ul (2, —1)

)\2 = 5,’02 = (1,2)
(d) )\1 = 1,1}1 = (2, 1)

)\2 = 5,U2 = (1,2)

10.

Find all eigenvalues and associated eigenvectors of the matrix

7T 0 =3
A=1-9 -2 3
18 0 -8
(a) Ay =Xy =—2,v=(ts,3t) for s,t € Rand \3 = 1,v3 = (1,—1,2)
(b) All eigenvalues are zero.
() i=X=1,0v=(1,0,3) and \3 =2,v3 = (1,—1,2)
(d) My =X =-2,0v=(1,0,3) and A3 = 1,v3 = (1,—1,2)

Total of marks: 10



