Elements of Linear Algebra Week 12 Exercises

Week 12: QR decomposition

Consider the basis

1 1 3
up=[1),ue=11],u3=1{1
1 1

of R®. Find an orthonormal basis of R?® containing u;/||ui| by applying Gram-
Schmidt to the basis above.
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2. Single
This exercise assumes basic knowledge of integration. Consider the vector space of
polynomials of degree at most 2 spanned by {1, z,2°}. On this space, consider the
inner product

<n@;34p@mwmI

and the corresponding norm (length)

ol = v {p;p) = z)?dz.

Use the Gram-Schmidt procedure on the set of vectors {1,z, 2%} to obtain an or-
thonormal basis that contains the vector 1.
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3. [ &)

Consider the decomposition

71
_r 1 1
2 -1 1 214516150
A=11 3 =2|=|1 = = ;1 2
0 1 -2 5 3 6
7
01 0 1

Is this a valid QR decomposition? If not, why not?

(a) The QR decomposition is not valid because columns of @) are not orthogonal.
(b) The QR decomposition is not valid because the columns of @) are not normal-
ized.

(¢) The QR decomposition is not valid because R is not lower-triangular.
(d) The QR decomposition is valid.

1 ] G

Consider the matrix
1 10
A=11 0 1
01 1

Use the Gram-Schmidt procedure to find an orthogonal matrix () and upper trian-
gular matrix R to obtain a () R-decomposition A = QR.
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(b) QR decomposition is not possible.
! 1 17 r 2 1 1 7
Ve V222
B O %
0 — — 0 0 —
I V6 V3 L V3
_ 1 - =
1 1 -1 % %
(d) Q: 1 -1 1 ) R = 0 - =
0 2 1 ; 3 8
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5
Consider the matrix
a2
3 4|

Use the Gram-Schmidt procedure to find an orthogonal matrix () and upper trian-
gular matrix R to obtain a () R-decomposition A = QR.
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sible.

We=5ls A r=g5l 1)

me=omly A r=gl 1)

@ Q=701 =gl 1)
t pos

(d) QR decomposition is no

6. =] &)

Which of the following statements is wrong?

(a) Every real m x n matrix with m > n has a QR decomposition.
(b) Every invertible real square matrix has a QR decomposition.
(¢) Only invertible real square matrices have QR decompositions.
(d) Every real square matrix has a QR decomposition.

T G

Consider the matrix

A:

— = =
W N W
o DN O

2 4
Which of the following is a valid () R-decomposition (for 4 x 3 matrices)?

(a) None of the options are valid QR decompositions.

—1 1 —1 -1 2 5 10
1]l-1 1 1 1 01 4
<b)Q_§1 1 -1 1] B=1o 0 2
1 -1 1 -1 00 0
1 1
1|1 -1 2 5 10
©@Q=3501 1| R—{o 1 21
1 1
1 1 -1 —1 2 5 10
111 -1 -1 1 01 4
<d)Q_§1111’R_002
1 -1 1 -1 00 0
8
Consider the matrix
25 7 0
112 1 -1 2
A‘i 2 5 11 8
2 1 3 -2
Note that A has a QR decomposition with
1 1 -1 -1 2 35 2
111 -1 -1 1 02 4 2
Q:§1111’ =100 2 1|"
1 -1 1 -1 000 3
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with @ an orthogonal matrix with det(Q)) = 1. Use the QR decomposition to
compute the determinant of A.

(a) det(A) =12
(b) det(A) =6

(c) det(A) =24
(d) det(A) =32

9. [=] &)

Consider the plane with normal vector

Find the orthogonal matrix () that describes reflection of a vector on the plane with
normal vector n. (Such reflections are used in the Householder construction.)

1 8 4]

(a) @Q==13 1 —4
4 -4 8

1'1 8 4]

b) Q==>1[8 2 -4
1 =6 7
L8 4]
c)@==|8 1 —4
e -4 7
LU0 4]

d) Q==-|8 10 -3
e -1 7

10.

Solve the least-square problem for

1 5
A=13 1
-2 4
and
4
b= |-2
3

In other words: Consider the system of linear equations Ax = b, and compute the
x with the smallest || Az — b||.

0 o=(-19)
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(c) = (—4,5).
(d) = = (4,—2,3).

Total of marks: 10



