Elements of Calculus

Week 8 Exercises

Week 8: Improper Integrals, ODEs

4.

D.
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The improper integral / rdz:

(a) does not exist
(b) equals oo
(c) equals 2° 4 C
(d) equals 0

Compute the improper integral / e M dz for any A > 0.
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Compute the improper integral ————dx for any A > 0.
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(d) The improper integral does not exist.

Compute the improper integral / ——dx
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he improper integral does not exist.

DISEIO
S— N N
— o 43

Single

dy
Solve d_ = y + 1 with initial condition y(0) = 1.
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Solve d_?i = —2yt* with initial condition y(0) = 2.
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7.

10.

(a) y(t) =5 +1
(b) y(t) = 36_t3 —1
(c) y(t)=2¢7"
(d) y(t) =2¢"5

d
Solve —Z — 3¢” = ye®. (Note: C'is a constant to determine the initial condition in

T
the answers below.)

(a) y=Ce™

(b) y=3" -3+C
(c)y=e" =34+C
(d) y=Ce* —3

For each of the following equations, determine all the equilibrium points (where
y'(z) = 0) and classify each as stable (y' changes sign from positive to negative at
x or unstable (3 changes sign from negative to positive at x).

o y{:yl—yf
o U =1y2(y2 — 1)(y2 — 2)
oy, =¢e"—1

(a) y1 =1 (unstable), y; = 0 (stable), yo = 1 (unstable), yo = 0,2 (stable), y3 =0
(stable)

(b) y1 =0 (unstable), y; = 1 (stable), yo = 0,2 (unstable), yo = 1 (stable), y3 =0
(stable)

(¢) y1 =0 (unstable), y; = 1 (stable), yo = 0,2 (unstable), y» = 1 (stable), y3 =0
(unstable)

(d) y1 =1 (unstable), y; = 0 (stable), yo = 1,2 (unstable), yo = 0 (stable), y3 =10
(stable)

Find the solution to the equation ai(z) = 0, where the action of the operator a is
1 d
given by G = — (m + —) and 1 (z) is a function of x.

V2 dz

Remark: This is the ground-state solution to the Quantum Harmonic Oscillator in
physics.

(a) Atanhzx
) Acos(b- x)
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)

The rate of change of the volume of a spherical snowball that is melting is propor-
tional to its area. What is the equation describing the radius of the snowball as a
function of time?
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