Constructor University March 31, 2025
Spring 2025

Elements of Calculus
Homework 5 (covering Weeks 9 and 10)

Due on April 23, 2025, before the tutorial! Please submit on moodle.

Problem 1 [2 points]

Consider the function f(x,y) = e *y3, and the point @ = (1,1). At @, in which direction
does f increase the most? (If you like, visualize the function, e.g., with geogebra.org/3d, and
check that your answer makes sense.)

Problem 2 [6 points]

We consider the function

| S for (ay) £ (0,0)
fl@,y) = { 0 for (z,y) = (0,0).

(a) Convince yourself that f is continuous at (0,0). (Choose a sequence (z,,y,) that con-
verges to (0,0) and show that f(z,,y,) converges to 0.)

(b) Compute the partial derivatives for (x,y) # (0,0). Then, using the definition of partial
derivatives, compute (9, f)(0,0) and (9,f)(0,0).

(c) Show that f is not differentiable at (0,0) according to the definition of differentiability
from class.

Problem 3 [2 points]
Let h: [0,00) x [0,27) x [0, 7] — R3 be defined as

h(r,p,0) = (rcospsinf, rsingsin b, rcosf).

This is the change from spherical to Cartesian coordinates. Compute the Jacobian matrix of
h and its determinant.

Problem 4 [5 points]

In class, we discussed the Leibniz rule for computing the derivative of fab f(z,t)dt. Generalize
this rule to the case when the boundaries also depend on z, i.e., find the corresponding rule
to compute the derivative of

v(z)
I(z) = /( ) [z, t)dt.


https://www.geogebra.org/3d

Apply the new rule to compute the derivative of

(" sin(wt)
G(:L‘)—/m . dt

Problem 5 [3 points]

Show that the function
u: R? \{(0,0)} > R, z In |z

solves the Laplace equation
0? 0?
(502 + gy v =0
(Here, ||z|| = v/2? 4 y? is the usual 2-norm.)

Problem 6 [2 points]

Consider the function f: R? — R given by f(z,y) = e ¥ —z2(y+1). Write down the Taylor
expansion to second order.



