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2 LimitsandContinuity

2 1 SequencesandLimits

TopicforWeek2 A Sequences Limits CachySequences

Consider a sequenceof numbers an new dedeas eg an n or an

Agivensequencemight becomearbitrarilycloseto acertainnumber If this isthecase wecall
thisnumberthelimitof thesequenceLimits arethecentralconceptof AnalysislandCalculus

let us maketheconceptof limitmoreprecise

Definition Wesaythat a sequence annew convergesto a if

a initial.FI nismanyKandependona closeto a

Inthiscase wecall a thelimitof annew andwrite a Lyan or an a

If no suits a exists wesaythatthesequence an new diverges



Examples

an f Forany so wecan choose N F 1 withTx theceilingfat i.e theleastinteger
greaterthan x Ian O CE n N andheutedist 0

an 1 11 isnotconvergent

The followinglimitlawsfollowdirectlyfromthedefinition

Proposition If an a andb b then

antbu a b

anbn to ab

if b to forlargeenoughn andb 0 I 95

Notethatall convergentsequenies arebounded i.e if an a then B s t.la eBFuelN
Onemoreproperty

Proposition SqueezeorSandwichThem let lanker balner tenlaterwithan bn cnand

Lsan his a Thenalsohisbn x

Example lis I sin n Cannot use limitlawssince hissin u doesnotexist

But 1 sinful 1 f I sink I 1 andsince wehave 1sinful 0



InMathematics afundamentalroleisplayedbytheCauchysequences

Definition Asequence annew iscalled Cauchysequence if

e 0 NEW sit an am ce u m N

Notethatanyconvergent sequenceis a Cauchysequence since an am an at laam
lan al 1am al

ButnoteveryCauchy sequence is convergentTheadvantageofCauchysequences isthatonecan
defnewthings astheirlimitThis is indeed onewaytoconstruct IR Weconsiderall Cauchy

sequences inQ Thenany E Rl Q canbeconstructedasthelimitof a Cauchysequence

Ex let xoeQ anddefineiteratively Xute at

Assumingthesequence Xnazo converges whichit does say in then

71 Ex F x 12 2 i e 52

Next For given xeR considerthesequence an 1

Wewillshowlaterthatthissequenceindeedhas a limit an et theexponentialfat
with e 2718 Euler's constant

This defines et forany ER Theinverseiscallednatural logarithm lu x Get x

Wedefine at eat exha forany Ocaer



Next Considerthesequence 1 1 Itdoesnothave a limitbutonewouldsometimesstill
liketo talkabout 1 as an upper limit and 1 as a lowerlimitThisis doneinthe

followingway

Definition let A R Wedef
thesupremumofA asthesmallestupperboundforA supA smallest ER a x aeA

theinfinumof A asthe biggestlowerboundforA infA biggest xeR a VaeA

Ex sup XER 01 2 2 sup10,21 b tnote2 10,21

inf10,21 0

sup new 1 inf 4 new 0

For limitswe thendef

Definition let lautnerbe arealsequence
The limitsuperior is def as lineup an his Yuan

Thelimitinferior isdef as limit an his infan

Ex tissue 1 11 1 limist 1 11 1

Notelimspand limingeitherexistor are is If limsupan a liminfan thendigan a


