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2 LimitsandContinuity

2 4Continuity

TopicforWeek313 ContinuityandtheIntermediateValueTheorem

Informally A function is continuous if it canbe drawnwithoutliftingthepen
i n

Eg
continuous functions

m
functionswithremovable discontinuities

If low

functionswithnonremovablediscontinuities r

Formaldefinitionwithlimits

Definition

A function f ab IR is continuousat x ab if ftp.f xl f x l

If f is continuousat everypoint inits domain wesay f iscontinuous



Discontinuous functionscanhave

a Removablediscontinuities flx.lt or fix notdefined but ftp.fix L
Thenwe can removethediscontinuitybydefining flx.tl

b Nonremovable discontinuities suchas jumps or divergences

Simpleexamples

fix withdomain R 0

Wecanremovethedisontinuityby defining 10 41 kg x 0

fix
for 1

2 for x 1

Discontinityat I canberemovedbysetting fill 1

Note Withoutproof we canusethatthefollowingstandard functionsare continuous

polynomials E aux
trigonometricfunctions sinx cost and tauxwithdomain f I I

expx et hx with
domain 0 w

hyperbola withdomain A 0 is continuousatall xerl 0 butit is
discontinuous at x 0 where it is notwelldefined verticalasymptote



Alsonote There are fructions on IR that arediscontinuouseverywhere eg

fix
1 for xeQ

for xenia
IIIii iiiIii iiiii.is

Once weknow that a function is continuous we can use lotsof usefultheorems
Westatethemherewithoutproof or with proofbypicture

Theorem

If f IR R is continuous and g lab
IR has ftp.glx Lforxoelaibl

then 1 fight f 4 fleegal
i e wecanmovelimitsinsideofcontinuousfunctions

Eg km si.li sl sinlksEI fns

ExtremeValueTheorem

If f ab IR iscontinuous then f assumes its minimumandmaximum i e thereexist
Tosedintervalisimportanthere

XmiTlaib sit fix f mint xeTaib

Xmax ab sit f x flxmax xe ab

Theoremdoesnotapplybe intervalnotclosed

I imin max

Nomaximum



Ex For fix I withdomain10,11 the theorem

i

IntermediateValueTheorem

If f ab R is continuous thenit assumes all intermediatevaluesbetweenflatandflbl
i e forevery ye flat fbl or Ifb flat if fbl ifall thereis eTaib sit y fix

fib

flat atleastonepointofintersection

Example pH 3 2 1

Wehave p111 1 1 1 1 2 p 01 1 so weknow phasat
leastone root in 0,1

a
2

Thisleadstothebiseitionmethod seeexamplesession

_1

Fromthelimit laws weimmediately get

Proposition

If f and g are
continuous at xo thenalso fig fig and I forgto 40 are

continuousatXo
Also flgx1 fog x is continuousat x if g

is contat x and f iscont atg x



Furthermore thesqueezelawimmediatelyimplies

Theorem

let toe labl and figh labl l to IR besuchthatgatefatshirt and

II gals 111 hk ThenGuy fat L

to
hit H

Example fat x sinf withdomainD 03

hmmmNote I fix1 1 115114 E NI

gH H

Imo x sin 0 and f is continuouson IR withthedefinition f lot 0


