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3 Differentiation in OneVariable

3 1DefinitionPropertiesandExamples

TopicforWeek4A DefinitionofDifferentiationandDifferentiationRules

TaskWewould like to approximate a function f lab R near a point to ab

Firstidea Approximationbya constant f x flat if near to

Quitelargeerrorwhen x xo

Thisis alinearfatin x x
fromIR R

A betteridea Addtotheapproximation a linear function fix flxoltmftx.li
a Thome my ER

y

th flxoltmx.lt to Asafatof wewouldcallthis
Agoodapproximationwhenx x fiff fat lie alinearfit

If suchan affine linearapproximation ispossibleatxo wecallthefunctiondifferentiable

at to andwecallthecorrespondingmxthederivativeof f atxo
This is summarized inthefollowingdefinition



Definition A fat f lab IR iscalleddifferentiableat x ab if thereexistsmx.es t

fat fixoltmx.lx x.lt rat and rat
saf.fi tLfffIFfunear

Inthis case wecall f differentiableat to andwecallmx the derivativeof f at x
We usuallywrite mx f x or my IfKol

If f is differentiableforall to lab we call f differentiable

Remarks

Wecanrewritethisdef as Mx

if fdifferentiableatx

Hence find fig
f This is theslopeoffat x

Moreprecisely If thislimitexists f isdifferentiableat x andthislimitisthederivative

Note thatwe canwrite x x h andthen f x kg
fkothlflx.tn

liney fix th f x x

tox
approachesgreenlineas h o

Suppose f is differentiableat x Then limy fix 1 f x mxokx.lt ix x1 f x
i e f is continuousat Xo
Differentiabilityimpliescontinuitybutnottheotherwayaround



Examples

fix x Wecompute

hi fixth
fix
hi 4th him 4th limo12 41 2x

fix x is differentiableatany ERand f x 2x

fix x at x 0 Wecompute a 1 1

him
4 4

fit
limotht doesnotexist

fly isnotdifferentiableat 0 Notangentlineapproximationpossibleat0

Manymoreexamples arediscussed inthe ExampleSession

Next we discusssomestandarddifferentiationrules

If f andg
exist then f g f'tg

Followsdirentlyfromthelimitlaws

If f andg
exist then fg f'g fg ProductRule

Proof fg him
fkthlgkthtflxlglxth

yyflxthlgkthl flxthlghttflxth.ly
kt flagx

h
limitofsumsumoflimits

fig fan
91484 Lyga

thth f

limitofproduct productoflimits

qq.IE Ihsime flx g'kl glxlflx



If f andg
existand

go
then f gift QuotientRule

Proof f Eg f fg Fa.lt g fg

If fly 8 f'gfg
If f andgexist

then flgixy flight gkt
ChainRule

FdsvativeTierderivative

Proof figail at_
ggfffifii1IIIf

4141

withKlhl gkthlglt
Note limoKth him gathlgirl 0 sinceycontinuous

flight

At f lab 112 bedifferentiableandinvertible onits rangewithinverse f let flx.ly

Then f ly find ftp.iy InverseFunctionRule

Proof f fix X f fall f 11 1 f FAI fit



let f x IEaux haveradiusof convergencep
Then flat In an x Inank kt andthispowerserieshasthesameradiusof

convergenceP

If k
him t x 0 hx

Why Assumingtheratiotestworks wehaveof time hit his he Pe


