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3 Differentiation in OneVariable

3 2 Theoremsand Applications

TopicforWeek6A Taylor Series

GoalGobeyondthelinearapproximationofa function
fix fixol f to x x M x x constlinearquadratin

fi.tte xonstinea

IdeaWeapproximate f x near to bya powerseriesin x x i e f Itculxollxx.lk
Note Themoretermswe takeintoaccount i.e thelargerN thebetter shouldbethe

approximation

Thebestapproximation shouldhencebe Now i e x Ecako x x
Sometimes such a powerseries is evenequal to thefunction eg

weknow

alreadythat ex E holds xeR notjust near 01
Weknow fly toKol flx

filx c h fly
the Zerothandfirstderivativesmath



Wecanfind calxoliislx.li bymatching2nd3rd derivative atXo

slidin
f ix l caltol f

f x Ecalx x x x x

3 x x xp x x

3 ask f 1 01 Cstot f 1 0

Ingeneral If f ix denotesthe k th derivativeat xo wefind calx f to

ft x1 If x x.lk calledTaylor series

Next let us considerthe error in theapproximation

Rux.tt FIH Efffkx.li
called remainderterm

letus also define Sux x

Wehaveshownabove that the k thderivativeoftheremainderatx iszeroforKEN i e

Rn 1 01 0 for KEN Also Rh 1 01 f x

For Snix1 1 we find Suki1 01 0 for Ken

SEE 101 1



ThenCauchy's theoremtellsusthat assume to ex

E
RuxonRaitt Rix.mil
smx.lt Eflol sixmil

forsome me xx

Cauchy

Pivotal RIFE Rixtual
Snixolmal

Eff sixImal for
some meeko.mn

f 1mm
forsomemen xo.mn1

Rux.lt Snxolxtf Iml f ml forsome me faixt

Wehaveproven

Theorem Taylorexpansion let f becontinuous on E x and 1 11timesdifferentiable
in xox Then melton set

fat E if f k.lt f Iml

Note IF I f ix l is calledTaylorseriesof f at xo If xo 0 it is also
called Maclaurinseries

If f is arbitrarilyoftendifferentiableandRux1 1 50 near to then

f x EE f ix I hear to

IngeneralTheTaylorseriesforarbitrarilyoftendifferentiable f might
convergeto f forsomeor all

convergebutnotto f ifRnix1 1 doesnotconvergeto01

diverge i.e haveconvergenceradiusp 0



Wecanalsoreplace by XoandwritetheTaylorseriesas flxtxolE.fi x

Examples

fix et f x et f lol e 1

Taylor seriesof f around 0 is E andthisequals et Welk
asweknowfrombefore

fix sinx f 1 1 cost

f x sinx

f 1 1 cost 111ᵗʰ k odd

f A six and so on

f 101
i k even

Remainder Profit llffy.nl iiEilekxer
Since bounded xeR

sinx EI 1 1 if EE l 11 x Et

Similarly cost II 1 1 E 111 1 It

fate IE Eii efgfhE
i

e cost isinx Euler'sformula

Moreexamples are discussedin theHomeworkexercises


