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Newton's Method

GoalFindroots i e solutionsto fix 0 by an iterativeschemeusingthederivative

tangent th flxoltflx.lk to
fix

motzFstartingp.int
firstapproximationtorootz

Setting 11 0 wefind O flx.lt fkollytot x to ft
Repeatingthisyields theiteration Xun Xu Newton Raphson method



Notethat thismethodmight fail i e Xumightnotconvergeto aroot eg if

f xu 0 forsome n

flat

might oscillate 4thJune
a

flu mightnotbedefined in

TF
ulnotdefined

Compared to that thebisectionmethod seeWeek3 Examplesession always works

Ex fix a for a ER f x1 2x

Theiterationbecomes Xun Xn 5 1 at

E.gfor a 2 to 1 wefind

11 7
x2 1417 whichisalreadycloseto D 1.414

Next Howfast is theconvergencetotheroot z assuming
theiterationdoesindeed

converge

Wewritetheiterationscheme as Xun Flat

If z is a root then 2 Gmo and
Effffed a fixedpoint Izdoesnotchangeunder

applicationofF



let anbe the error betweenthe approximationXu andtherealroot z i e En Xu z

Xun Eun z F x Flaten

ATaylorexpansion yields Flaten Flat enEll F iz Ralztent

thatthisisnegligiblysmall
FFA F.tlfFtFffTn fyy

Wsmitoutproof

quotientrule

F z 0 since flat 0 z wasdef asrootof f

Assumingf z 0

yields Even Effortcomputationshows a to if f 0

Eun End which iscalledquadratic convergence

If Newton'smethod convergesand f z 0

Practialexample Suppose z 1 anden 11
linear

convergence
wouldmean Ente En to 210 Eun 12210 4101

E.gthebisectionmethod convergeslinearly

quadraticconvergencemeans Eun 111 2010 Euta 21 8001001

MUCH faster


