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4 Integration in OneVariable

TopicforWeek 7A DefiniteIntegralsandtheFundamentalTheoremofCalculus

So far Indefiniteintegral was just a notation forantiderivative
NowDefine thedefiniteintegral via limits and a geometricalmeaningandthenprove

relationshipto antiderivatives

Idea For f Tab IR we approximatetheareabetweenthegraphof f andthex axis
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This shouldgivethetotal area as new

Definition

Let f Tab IR becontinuousexceptpossiblyat a countablenumberofpointswheref
hasjumpdiscontinuitiesThenthedefiniteintegralof f overTaib is

fix dx Gmo flxi.nlDX Ax Xi axisx



Note Thelimit canbedefinedwitharbitrary partitionsof Taib and canexist

for a largerclassoffatsthanstated This is called Riemannintegral
andtherigorous

construction is done in Analysis I

The fat fix f f a
is an exampleof a fat thatis

notintegrable

For thestatedclassof fats thelimit alwaysexists
It is independentofthechoiseof evaluationof f intheintervals x x Ax
andof thechoirofpartitionof ab aslongas it getsfiner
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The followingpropertiesofthedefiniteintegralfollowdirectlyfromthedefinition

i Linearity fix gkidx faldx giddy and afixdx cffixldx.ch
Iiil fix dx 0

liiil fix dx fix dx fix dx

Cirl fixdx faldy
followsdirectlyfrom liiilwith liil



Furthermore wehave

Theorem

letfig ab IR be integrableThen

lil If f 20 then I fix dx 20 ClearfromdefI

Iii If f2g then I fixdy z Ightdy From lil for f g
insteadof f I

Iii it fix dx If I fix dx From lilbysplittingfintopositiveandnegativepart

livl If f is continuous thenthereexists z tab s

t.gg II
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IntegralMeanValveTheorem

Proofof in see exercise question session

Next Connection toantiderivatives

FundamentalTheoremof Caliul's FTC

Let f ab IR be continuous Then

lil Ill If It It is an antiderivativeof f
Iii l If I is an antiderivativeoff then I fixidx I bl Flat I txtlab



Proof
lil wecheck

F th 1 fitidt fit dt

1 fHIdt
Integralmeanvalue I f z for some zE x ththeorem

fcontinuos

Fix kingFixth hisflat fix

iil Weknow F x fit at s sinceantiderivativesareuniqueupto a constant
Thissanantiderivative aslordingtolit

Flatfeet c c

Fill fHdt ÉÉ

Examples

xdx x lab 1b a'I as calculatedabovebyhand

Ésinxdx cost lost f roso 1 1 2

sinkfield sin alda all x 1 u 1 3 2

sinlulda or Ssinadu
limitsofintegration

casual1mustbesubstituted cosal
aswell cos1
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105111 cos21



Note By the FTC fifty
F iz flat forsome ze ab

bymeanvaluethem
ofdifferentialcallus

Meanvaluethus of differential andintegralcallt s are relatedviatheFTC


