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4 Integration in OneVariable

TopicforWeek 8A Improper Integrals

Today we discussthecases where

theintegration intervalcontains a singularityofthefunction e.g dx 1230
theintegrationinterval is unbounded eg Sitedx
Wedefinesuchintegrals via limits

Definition

let f a a IR beintegrable on air forany rod

Then faldx limo fixidx Analogously fix dx him fixidx I

let f IR IR beintegrable onanyinterval a b

Then Ii fix dx Ifield Ifixdx Bothlimitsneedtoexist

let f ab IRbeintegrable on Trib forany acrob andhave a verticalasymptoteata

Then faldx him fixidx

Theseintegrals are called improperintegrals if the limitsexist
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I has a vertical asymptote at x 0 so weneedtosplit
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integraldoesnotexist area infinite



If dx him I dx 4 tidx

hisaratanx Is aratanx

lipf avatant r1 hisavatar

1 I I
I

For whichvaluesof p doestheintegral mtp dx converge

Wealreadyknow divergentforp 0 andthusp o b t doesps0help

ftp.dx 5 Ipda
for p 1

is forpetsubstitution al hx

idea
Convergesfor ps 1 diverges

otherwise

Applications

Integraltest seeHomework Let f 1in Tool bemonotonedecreasing fix ifix for x y
Then IEflu exists if andonly if fixdxexists

Interpolationof n seeHomework Def thegammafunctionTIX t e It

IntheHomework weshowthat flu n 1 for her



Example Arrivaltimes e.g inserverqueues
Givenarrivalrate so thetime betweensucressivearrivals is oftenassumed to

decay exponentially ii e as fx Emfprobabilityofjobarrivingsoonlowprobabilitt
ofjobarrivinglate

To checkthatthis is a probabilitydistribution weneedtocheckthat f k dx 1

Wecompute Fte dx x e 1 0 1 1

Whatis theaveragewaitingtime

Wecompete xfxkldx fxxehdx.IT e
tx ftexydx

xe.ttP Fe dx

Efiit o ey


