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TopicforWeek 9A FiniteDifferenceMethods

Howdo we solve ODES 1 fly it on a computer

Weneed todiscretize our variable t Considertheinterval toT anddiscretizeit
into N equallyspacedpoints to to nst with At It Notethatthento T
Correspondingly we define a discretizedfunctionsequence yn n 0 N

Next Howdowediscretize the ODE i e 1
This can bedone in differentways

ForwarddifferencequotientDuty Y tf that

Whatis the errorbetweenthisapproximationandthederivative1 let us use aTaylor
expansion IHutdtl yhaltstyyfytfl.gg t for

somemeltuiturst

It Huff 1 deal
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Backward differencequotient Diy Yul
Ha It

ATaylor expansionyields
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Central difference quotient Diy
Yttat 14

Here a thirdorderTaylor expansiongivesthefollowingerror

Hal 1 Hasty
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Thecentraldifferencequotienthasa smaller error term

However it canleadto inaccuracies when appliedtooscillatingfunctions

Accordingly therearedifferentmethodsof approximatingtheODE of fly it

ForwardExplicit EulerMethod WediscretitetheODE as f unital

Needtosolvethe explinitygiven iteration yn Yu It flynita



Thetotal error betweenthesolutionylHof 1 flyltl.tt and thesolutionynofthe
discretized ODF Yn Yu Atflyaita is y ml i.e At timestheerror frombefore

ineachtimestep hence wewouldexpect ly it yn IT y my

BackwardImplicitEuler MethodWediscretizetheODE as it
p
ftp.jfniaawatefatutt
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This cannotbewrittendown as an iterationimmediately Hereto computeYun weneedto
solve an equationwhich mightor mightnotbe possibledependingon f yn isimplicitlygiven

Therearemanymore methods amorecompletediscussion ispartofthe NumericalMethodsclass

Example

Exponential decay 1 Xy with 0

Hereweknowtheexactsolution y yes with y10 yo i.e to 0here

ExplicitEulerMethod if Xyn Yan Yn XynAt Yall Xlt

Thisiterationhassolution ye 1 It

Inthelimit N n thediscretizedsolutionbecomesyo limoYn Lm EYo Etty
i e it convergestotheexact solution

If Nis somefinitevalue wewantthesolutionto decrease becauseotherwise it
wouldmoveawayfrom e



Need 1 At c 1
1 A 1 Xst 0 holds alwaysfor1 0

11 11 1 1 AtC2 Atc

Weneedto choose N largeenough namelysuchthat It I N

This is called a stabilitycondition

ImplicitEulerMethod if Xyne

Yun Yu XDtyan 11 At Yate Yu Yun afat Yu
i e forthisexamplewecansolvetheiteration

Thesolution is Ya Ist Yo
Here thestabilityconditionreads Its 1 whichalwaysholds since tilts 0

Theimplicitmethod is unconditionally stable

Conclusion Explicitmethods lead toexplicitlygiveniterationswhichcanthenforexample
besolvednumerically However thereare usuallystability conditions i e thetime

step It hastobechosensmallenough
ImplicitMethodsleadtoimplicitequations ineachiterationstepandit ishencemore
computationally expensive tosolvethemButthey are usually unconditionallystable


