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TopicforWeek 9 B TotalDerivative

Inthischapter wediscuss functions withmanyvariables andtheirderivatives

Inthemost general case f IR Rm x a to
variables

in components

Usually

a fat f IR RM m 2 is called a curve inIRM

a fat f IR IR n 2 iscalled a scalarfield
afat f R Rm him 2 iscalled a vectorfield

Ingeneral we needvectorsandmatrices todescribefats f R IR andtheirderivatives

Therefore let us recall thefollowingnotationandresultsfromElementsof Linear Algebra

Wewrite vectors x EIR as Theirnormis1111 xp andthe

scalarproduct is it Ys xjyj

Specialvectors arethebasisvectors ej 5thcomponent i e Xje

Amap L 112 IR is linear if Xx y X4 1 ly yeah Xer

For linearmaps weusuallywrite C XI X



linearmaps L IR IR are in one toone correspondence to mxn matrices

A by choosing abasis
Choosinga basis leilofIR and leilofRm
wehave x cei x ceiC xp

Recall Ax aijx AB in aybin for Aman
and tix

thenABis an mxpmatrix

For linearmaps IR IR we definetheoperator norm 11211
gpgu.li

call in

Since I Faull 11211 wehave 11call 11211Hall

First wewanttodefinedifferentiabilityof f R R Recall that for functions

f IR IR wedefined differentiabilityat x as

mek s t forsmallenoughh f x.tk flxd mh rxlhl withhim Eh 0

Clearly Lm R R his mh is a linearmap

Keyinsight For f R 112 westilldefinedifferentiabilityby requiringthat a
linear approximation ispossible



Definition Let f A R Then f is called differentiableat x.tk if thereis a

linearmap A IR R s t

iiiifiiiieii.in

114

Wecall A Of f x the total derivativeof f at x
If f is differentiablefor all xER we say f is differentiable in121

Note

Everythingisdefinedanalogouslywhen f is onlydefined on a subsetofIR
Sucha subsetneedstobethegeneralizationofan openintervale.gBr x yeR Ayller
Clearly differentiabilityat xER impliescontinuityat x since 0 implies Ardhill 0

For f R IR differentiabilitymeansthatwecanapproximate f near toby a

tangentplane weprovidevisualizationslater

let usprovethatthe
derivativeisunique if it exists

lemma If f IR is differentiableatx.GR thenthederivative Df1 is unique

Proof Supposeboth A andAc arederivatives Then B A Az satisfies

BY µ fixoth fix ve.lu flx.tl fix rax.lu 11

rail iii 0



Now fix any UER a 0 andchoose h tu telR Then

0 yup A Antall A A tall
i e Anu An Kuerfull 11411

An Ai

Example fixixel

fathman l l l t 2 t.it hy ht y
FF TEiEa

with Hhi hit2hihuthihith.tn soo It
4th

Next we considerderivatives indifferentdirections

Definition f R IRM is differentiableat xeR inthedirection neR

Hull 1 if flat fld exists Thenthislimit is denotedbyDuflyand

called directional derivative or derivative indirection a

If f is differentiablein thedirection ej wecallDefly x the

j thepartialderivativeof f at x

Inotherwords x ̅ g
fultn ntinffif.im

exit fulit

headinTaderivative
of fu inthevariable xjonly keepingallothervariablesfixed



Ex final 12 Ex

Note that in the example wehave DFI 8


