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6 1 TotalandPartialDerivatives

TopicforWeek 10A ConnectionsbetweenTotalDirectionalPartialDerivatives

Recall thedefinitionsofdifferent derivativesfor functions f R Rm

ie f takes in a vector I and givesout a vector

Totalderivative f is totally differentiable at to if we canfind an mxnmatrixAsit

f x.tk fix Ah I h with him it 0

If this is thecase we call A Dfl thetotalderivative of f at x

Directional derivative Wefix a direction aeR Hall 1 Then f is differentiableat x
indirection a if fig

fk.tt flxt exists If it does wedefineit tobe

thederivativeof f at x in direction a Duff fig
hot fix

Partialderivative This is thespecial caseof a e j th Euclideanbasisvector

f has a j thpartialderivativeat x if figfk.tt
flxol exist Inthiscase



we call Iffl figfk.tt
flxt the j thpartial

derivativeof fat xo
sometimeswejustwriteoff101

Note Dfl is an mxn matrix Duff is a vectorinRm x a vectorinRm

Example fromlasttime For flaxel we find

fkthtfathmmt.IEffltEEeeitfifth
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Heusethe totalderivative is Df
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Hencethederivativeindirection a isDufly 22 51
Thepartialderivatives are 25th

E YET



Wecouldalsoseethisbychoosing a for and a 9 for

Wenoticethat in thisexamplethederivatives are connected

Daft Pathiasator

whichfollowsfromDafly Dflx u bychoosing a ejij 1 inDfk
f as convectors

The firstequality holdsnotjustin thisexample butmoregenerally

Why f differentiableat x means guy
fat flat Dfhl

0
11411

In particular for ueR Hull 1 we canchoose h tu andget

0 4 fattatfix
Dflath

fig 11feet
th
Df all

i e fim.fi l fh Dfu

Hence we have

Theorem If f R R isdifferentiableat x.FR thenalldirectional derivatives

at x exist Inthiscase thederivative indirection ner Hull 1 isgivenby

Dufly Ifffen
In particular ftp fDflx ij

den.ua eoftheTipmatrixentryof
thetotalderivative

Ipmentoff thematrixofthis
linearmapinthebasisej



Wecall 3H the Jacobianmatrixof f at x

But There are examplesof functionswhereall partialderivativesexistbutwhich are
not differentiable totalderivativedoesnotexist e.g

flat
o

1 4 10
Here thepartial derivatives existat 10,01 but f is

1 fix 10101
notevencontinuous there

flayl
1 4410,01

Here f is continuousat10,01andalldirectional

1 1 1901 derivativesexistthereBut f is not differentiable

at 10,01

Geometrinally theproblemisthatwe cannotput a tangentplaneattheoriginandget
a good linearapproximationwiththat Seethevisualizationsbelow andsee the
Homework forproofs

This cannothappenhowever if all partialderivatives are also continuous Weskiptheproof

Theorem let f R Then f is totally continuously differentiable ifandonly if
allpartial derivatives existandarecontinuous

Intheexamples above thepartialderivativesexistbutthey arenotcontinuous



So if allpartialderivativesexistand arecontinuous thenDf Jacobian



See https://www.geogebra.org/3d for the plots.

f (x , y )=
2xy

x ²+ y ²
for (x , y )≠(0,0) and f (0,0)=(0,0)

f (x , y )=
xy ²

x ²+ y ²
for (x , y )≠(0,0) and f (0,0)=(0,0)

 

https://www.geogebra.org/3d

