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A fewmore remarks about derivatives

Chain rle

Forthetotalderivativeof f R IR a generalizationofthechainruleholds

Theorem If f Rh Rm is differentiableat of IR and gR R is

differentiableat flx.lt m.Thengof def.as gof1x1 glfix1l is differentiable
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Inthissimpleexample wehave got IR IR t n g fall t e
t
so we

canverify withonevariableCalculus
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Gradient

let us consider thespecial caseof f R R realvaluedfunctions

Here we callthetotal derivativethe gradientof f or nable f andwewrite

Dfk ii e of is thevectorofpartialderivatives

Weneedtousethetransposesincefor f R IRthetotal
derivative is a 1 4matrix ie a rowvestor

Note Oftenwe write D which is a linear differentialoperator

Gt us notetwo interestingproperties

Reall thatDaf Df a Of a
ggannftof1lLycosg

with atheangle

between Dfand a Hence if Df 0 then f hasgreatest directionalderivative
indirection
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Inotherwords Of points inthedirectionwhere f changesthemost



If DF 0 then f increases inatleastonedirectionand decreasesintheoppositedirection

Hence if f has a localextremumat x thenOf11 0

So similarlyto one variable Calculus Of41 0 is a necessarycondition for f
tohave a localmaximum orminimum

Higher orderDerivatives

Considerthe example flaxel xe
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Here we see that I This is trueingeneral if allpartial
derivatives are continuous

Theorem Clairaut'sthm or Schwarz's thm

If f 111Rm hascontinuous2nd partialderivatives then off of i j



Note Weusuallywrite Efx

There are exampleswhere is not continuous and off offf.ieg
flay for 4410101 when we considerthemixedpartial

0 for kik 10,0 derivativesat10,01

Note For first thematrix H with Hex ig iscalled Hessianmatrixof f

If Schwarz theoremapplies Heis symmetric ii e Hf is Hf ji

E
g intheexample

abovewe found He1 1

Taylor Expansion
Similar to functions in IR we cando aTaylorexpansion let us writeit downhereup
to secondorder and for f R IR only

Theorem Taylor2ndorder let f112 IRbetwicecontinuously differentiable
let exandheR besuchthat theU te 10,1 Then
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Proof Followsfromapplying 1 dTaylor to get f x tht

Wewillapplythisnext timeto find an analog ofthesecondderivativetest for

findingmaxima or minima


