
 

Elementsof Calculus Session22
Week113

Prof SorenPetrat ConstratorUniversity
lecturenotes fromSpring2025

6 MultivariableCalclus

62 OptimizationinManyVariables

TopicforWeek 11 B CriticalPoints Maximaand Minima

let us recallthefollowingwayoffindingmaximaminima in onevariableCalculus

let f IR IRbetwicecontinuously differentiable Then c iscalled a critical

or stationary point if c 0 Furthermore

If 1 a 0 then c is a localminimum

If 1 c co then a is a localmaximum

If 1 c 0 thenthe2ndderivativetestis inconclusive canbemax orminor neither

Ex

n

neither

totalmaximum

saddlepoint
localminimum



Today What about max min of f IR's IR

Asin IR we say that f has a localmaximum minimum at sets if f x ef c

f x flc for all near c

AlsorecallfromSession 10B

If f has a local max ormin at CER then Of a 0

This cannicelybeseenbythechainruleForanydirection uer Hall 1 thefunction

g t flattal hasa local
max.lmin.at t 0 0 9711 offkt of at a

Of 4 0

Examples see geogebrapicturesbelow

flaxel x1 x has a maximumat 18

flax x Xi has a saddlepointat 18 i.e a maxinonedirection amin inanotherdirection

flax XIhas neither a max nor amin nor a saddlepointat181 Wecallthis a
degeneratecriticalpoint

Acriticalpoint canbe a localmax localmin asaddlepoint or neither

For a secondderivativetest inRYrecalltheTaylor expansionfor f Rh IR

fleth flalfffl.int chiHflilhs ralhl with Held the
Hessian

a iriticalpoint matrixwithentries HfKll off



Heuse If chHf11h 0 forall h s is a localmin

If chHf11h co forall h c is a localmax

If chHf11h so forsomehand co for allothers c is a saddlepoint

If chHf iths 0 for some h we needtolookathigherderivatives

Nowrecall fromElementsofLinear Algebra that a matrix A with th th so her is

calledpositivedefinite Anda real symmetricmatrix ispositivedefiniteif andonlyif
alleigenvalues arepositive SeeWeek10ASessionofElementsofLinearAlgebra

Everythingworks He is symmetric relh is small if all secondpartialderivativesof f are
continuous hencewe can formulate

Theorem let fRhs betwicecontinuously differentiableandsupposeDflc 0 for
some CER let X tn denotetheeigenvaluesoftheHessianof f at c Then
If all X so then a is a localminimum

If all tico then c is a localmaximum

If someXp 0 andtheothertic 0 butnoneequal01 then i is a saddlepoint

If at leastoneX 0 thenthetest is inconclusive

Examples

flx.gl x y of 8 iscriticalpoint

H.co i i it localmax



f x y x y

He101 saddlepoint

f x y y 3 4
0 f 5 1 2 F 8 is theonlycriticalpoint

He He101 8 8 inconclusive

Visualizationwithgeogebra showsthat18 isneither max normin it is a monkeysaddle



Use https://www.geogebra.org/3d for generating the plots.

f(x,y) = -x2 – y2 + 4

f(x,y) = x2 – y2 + 2

f(x,y) = x3 – y2 + 2

 

https://www.geogebra.org/3d


f (x , y )= y ³−3x ² y+2

(“Monkey Saddle”)


