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TopicforWeek 12A Lagrange Multipliers

We continue our discussion on optimizingfunctionsofseveralvariables

Problemfor today Optimize f x y butundertheconstraint that 6 xy 0

Now it doesnothelptosimplyfindthemax minof f usingDf 0 becausethese

mightnotsatisfytheconstraint 6 xy 0

let us startwith a simple example the isoperimetricproblem
Consider a rectanglewithsidelengths xand y Y

Question Maximizethearea fixy xy giventhattheperimeter 2 24 isequal L i e
undertheconstraint61 1 2 2 L 0

Hereweknowhowtosolve this from 6My 0 weknow y 11 2 1

flx.ph x 1 2x x x

Extrema 0 flx.tk 2x y L 21411 maxsine co

The area is maximal for a square



Howeveroftenit is impractical or impossible to explicitlysolveG x y 0 for or y

e.g G x y es cos144 0

Hence we wanttofind abettermethod

let us first considertheconstraintmorecarefullyWeassumeG IR is once
continuouslydifferentiable Nowconsider the levelsetsSc XER 61 1 c for

any CEIR all x'swhere6hastheconstantvalue c geometricallyfor6 12 IRthismeans

all where6 x hasthesameheightwirt the x yplane seealsothepictureattheendof
thenotes

Nowlet h t beanycomeinSc hit eSc ter

Then 6 411 c tetR bydefinition hisacurve inSc
chairle

0 6 411 DG4H11 It
Hence wehaveproventhat DGhall O i e DG isorthogonaltoSc atanypoint

Example see geogebrapicture onthelastpage

G x y y
3
2 c 3 i.e thelevelsetistheintersectionof6withthe2 3 plane

Wefind 06 6 3atallthreepoints

E.g thepoints 201 10,11 and I laminthtelset

therewehave 0611,01 0610,11 9 061

Inthepictureone can clearly seehow DG isorthogonaltothelevelset6 3 at
thesepoints



let's applythisto our problemofoptimizing f1121112 given61 1 0

Suppose f restricted to S ER 61 1 0 has an extremumat aER
Consider any cure h.lt in S suchthat hlot a

611 f h t has an extremumat t 0

0 y01 lake 4 101

Pf a is orthogonalto tangentvector ofany curve in S i e Of la is
orthogonal to S

B t fromabovewealsoknowthat PG a is orthogonal to S

Df a X PG a for some XER bothvectorsare linearlydependent

Conclusion Lagrange'smethod

Asnecessaryconditiontofindextremaof f x underconstraint61 1 0 weneedto solve

and ii e.int equations for netvariables xm.nu it

Wecall the Lagrangemultiplier

Inshort if x x f x 61 1 we need It 0

calledTarangianfnation Here D



Note DL O is justa necessarycondition onestillneedstocheckthatthepointsareindeed

minima or maxima

Examples

Theisoperimetricproblemfromabove f x y Xy G x y 2 24 0

x y d Xy X 2 24 L

at EEE.tl
0 2 24 2 2x 2 2x 0 8 x y

Noteusuatarnotinterested
in thevalueofX

flx.ve x4y2ty Glxyl x4y2 1 0 circle

xiiy xcxti.nl

X 004 1 only 0 Y ITE 1

24 1 24 1 andnot0 aswewouldneedfrom0,1 0

0 1 and10,1 are criticalpoints

f 0 11 0 f 011 2

indeedaminimum
indeed amaximum



Use https://www.geogebra.org/3d for generating the plots.

G(x,y) = x2 + y3 + 2, level set G(x,y) = 3, with three gradient vectors:

View from above to see orthogonality of nabla G and the level set:

https://www.geogebra.org/3d

