
 

Elementsof Calculus Session25
Week13A

Prof SorenPetrat ConstratorUniversity
lecturenotes fromSpring2025

7 ODESandPDEs

7 1 LinearODES

TopicforWeek 13A HigherOrder LinearODES

Inthissessionwe discuss ODEs thatinvolvehigherderivativesbut in a linearway
resistanceR inductance capacitance

Example RLC sirs it mm a

orFIH voltageVH

Thevoltagebetweentwopoints is thesame VH1 VetK V
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HereVH is a givenfat R L Careparameters andwewanttosolvefor Itt

Ingeneral wewould like toconsider a linear ODEof order n

anktffntan.lv t a.lt aftaokly flx

Here ailtlii ti.mnand fix aregivenfatsandwewant tosolvefory x
Notethatthesolutionwilldependon nparameterscn indeterminedbytheinitialconditions

4 1101 y 107 ylx.tlgivensomeinitial to l



If fix 0 wecall theODE homogeneous otherwiseinhomogeneous

Firstsomegeneral considerations

Westartwiththehomogeneous case f x 0Thennotethat if y kl y.lt solve

theODE thenso does cnynkltcay.lt t cnynlx linearity

This is thegeneralsolution if y Ih ynkt are linearly independent becauseif ya ynare
linearly dependent thenoney canbeexpressedas linearcombinationoftheothersandweonly
have n 1 constants

Thegeneralsol tothehomogeneousODE is Ynon x an layax for y th yn
linearlyindependentsols tothehomODE

For fix 0 we needtoadditionallyfindoneparticularsolution possiblywithoutanyconstants

let us assume wehavesucha solutionypartThenwehave a generalsolutionYgen Ynon Ypart

Supposex ̅ is a differentgeneralsolutionThenwe canalways
write igniteII.fi i.eaparticularsol

Weconclude

Comma The generalsol withn constants ygen to theinhomogeneousef.isYpart Ynow
whereYpart is anyparticlarsol andyou is thegeneralsol withu

constants tothe
homogeneouseq

Next letus focus onthecasewherethecoeffinientsare constant

any t aany t a y t doy f x1



Homogeneous lase

We maketheansatz y x e y x Xe y e

theodeb.ms

f fitataole
o

Y it is a solution if X is a zeroofthepolynomial X 1

Nowinsider thefollowingcases

i All roots to tu are realanddistinct Thenthe generalsol is ylxl cie

since e fordifferent areindeed lin indep

iil Someroots complex If thereis a complexroot at b thenD a ib thecomplex

conjugate is also aroot assumingallcoefficient90 an arereal

gelatibly elaible eat c e a e eat lath cosbytitle a sinbx
choosethecomplexparameter

eat d cosbx desinbxIn a sitdad arereal

p Year
teasinbyte
Ae cosbxtle

Iiii Multipleroots

Ex y 0 Here 71 1 0 i.e rootiszerowithmultiplicity nButweeasilyfind

thegeneralsolution 4 1 a text sit an

Ingeneral If a not ours ktimes 1k 1 ityields a contribution

int six to cux le tothe generalsolution



Inhomogeneous case

Weonlyneedtofind one particularsolution to any any t a y a f x

Thereis nogeneralmethodforfindingthisbutoftenit canbefoundusinginspection

Firstnotethat if f dafntd.fi wecanlookat f andfe separately

If y solves any to a y do f and yesolvesany I a k do fe then
day day solves an dayday an day day do defathef f

Wecanoften use one ofthe followingtrial functions

lil If f de try ypart x bet
Iii If f a sink a rostral try Ypart besin rx bcostrx

Iiiil If f do anx anx try Ypart x botbext bex

Ex Y 1 1 2,11 2

Ausatzypa.tk ax b Ypart11 9 Y'part 24 k Fl
a t b and ypart1 1 Ext

Sol tohom.iq Y 2 0 XA 2 1 2 you ceat

Thegeneralsol.is y x Ce 2x E

Moreexamples intheExampleSessionandtheexercises


