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7 ODESandPDEs

7.2 PDEs

TopicforWeek 13B PartialDifferentialEquations

Anequationthatrelates a function ultra ix andsomeof itspartialderivatives

possiblyofhigherorder is called partialdifferentialequation PDE

Wehavealreadyseenonesuch PDE in Homework6

Thewaveequation c Du 8 where c 0 is a parameter 2Int and

we are lookingfor a solution ultixmn.int

For example for u 1 one dimension attixt cos x at is a solutionsince

c ios x ctl c cost at and cos x at f c costat aTosk at

Basically all lawsof physies are formulated as PDEs eg
Newtonianmechanics quantum

mechanics
Schrodingereq and electrodynamins Maxwellseqs

OftenPDEs describethe change intimeof a functionultima tu in 1,213dimensional

spacebutsometimesone looksforequilibriumsolutions f x nl thatdonot change intime



letusstartwithgivinga listofsomeofthemostimportantPDEs

Thewaveequation 8 for as 0
Notethat Eat Δ is called Laplacian or laplaceoperator

Thiseqdescribese.gvibratingstrings
vibrationsin solidsliquidsgas

and electromagneticwaves

Theheatequation alsodiffsionequation K02 for k 0

It describese.g
heatflow anddiffusion but isalsousedforpricingfinancialinstrumentssee

theBlackScholeseq

The Laplaceequation P 0 for a fatulxu.in

It describese.g steadystatesolutions 0 oftheheateq andgravity or electric

potentials in freespace

ThePoissonequation p
whereplanital is agivenfunctionandwearelookingfor

a solution altar ital
It describessimilarsituations as theLaplaceeqbutwithextrasourceterm present

e.g a
matteror chargedensity

The Schrodingerequation it EOn Vix a wherek Planck'sconstant dividedby2n
m mass Vixenital is a givenpotential fat andwe are lookingfor a complexvaluedfat
ultxenital Thiseq describesone nonrelativisticparticlewithoutspinManygeneralizations

of the Schrodingereq e.gtomanyparticles areavailable



Note

Allequations aboveexeptthePoissoneq are linear

Theequationsabovedescribethreedistincttypesofphysicalphenomena diffusiveprocesses
heateg oscillatory

processes waveandSchrodingereq andsteady stateprocesses

KaplaneandPoissoneq
TheheatandSchrodingerequationsdescribe an initialvalueprobleminthetimevariablet

Aninitial condition nomm a a t o xm.in is givenandtheeqs
describethe

propagationofa intime Sincethewaveeq.issecondorderinthetimederivative weneedto

specifyinitialvalues no main andailxm.nu u'lt 0xm ixu
Oftentheequationsaboveareconsidered in a finiteregionofspace R R Thenoneneeds

tospecifyboundaryconditionsontheboundary or of R Eg if we
consider a metalrod

Id 1 andtheheateg weneedtospecifythetemperaturesateachendoftherod

Asexampleletus investigate aheatconductingsolidrodin more detail

temperatureultixt
t PDE K 0 11H O x L to 0
rod

lengthofrod
Theconstant so dependsonthematerialoftherod

Weprescribetheboundary conditions a f 0 0 a t x L forsimplicity

Theeq.islinearandhomogeneous so theideaistoseekmanysolutionsandthentakelinear
combinationsofthemWeuse separationofvariablestofindsomesimplebasicsolutionsi.e we
assume u tix flight

x xf High and fix gH
ThePDF becomes K f x gH fix g t

variable separated



Thiseq.netbevalidforall Oixel andtoo hencebothsidesmustbeequaltothe

sameconstant say X

off x TwoODES f it fix o

g tl kg it 0

Weneedtosatisfytheboundaryconditions a t x 0 flolght 0 filly1H alt L

Need f101 0 and f L1 0

First Solve whichweknowfromSession13A subjecttoflok0 fill

Ausatz fix em Xml MIX 0 M iÑ

f x dcos fix desin fix

Boundaryconditions f101 d

Of4 cost c d sin FL disinfit 0

Sinced Dwouldyieldthetrivialsol fix1 0 weneed sin rel 0 i e

for n 1,213

Wefoundmanysolutions full sin Fix withta 1 new

Theeqforg
becomes gilt x glt 0 whichissolvedbyglt e

t

Wefoundsolutionsunttix e sinnext foranynew

ultext IFsnau tix Eione sinnext withcoefficients casatisfies

thePDE andtheboundary conditionsalt01 D ult Y



To satisfytheinitialcondition alt 0 x now weneed nEcusin Ext a x

Thisshoulddetermineourchoiceof coefficients on

TheexpressionIECnsin x iscalledFourierseries Since it is oneofthemost
importantmethod tosolvePDEs andhasmanymoreapplications wewillstudy it in more

detailnextweek


